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Abstract

Explainable artificial intelligence (XAl) attempts to give explanations for decisions made by Al systems. Despite the fact
that for knowledge-based systems this is perceived as inherently easier than for black-box Al systems based on Machine
Learning, research is still required for computing satisfactory explanations of reasoning results. In this article, we focus on
explaining non-entailments as a result of semantic matching in ££, ontologies. In the cases where the result of semantic
matching is an entailment, the already established methods of justifications and proofs provide excellent results. On the
other hand, the cases in which the result of semantic matching presents in the form of a non-entailment demand an alter-
native approach. Inspired by abductive reasoning techniques, we present a method for computing subtree isomorphisms
between graphical representations of ££, concept descriptions, which are then used to construct solutions to abduction
problems, that is, explanations, for semantic matching non-entailments in ££, ontologies. We improve existing results
by generalizing our approach to be able to abduct complex concept expressions of all formats that also consist of role
restrictions, rather than concepts alone, as well as the time needed to compute solutions to abduction problems in ££
ontologies. We then illustrate our method with an example scenario and perform synthetic experiments to stress the
methods’ capabilities and experiments on realistic ontologies to show the practical performance of our method.
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I Introduction

Today, the vast amount of data that is available has driven research into machine learning (ML) and deep learning
approaches, which provide Al systems with the possibility to autonomously learn and adapt to various scenarios. These
models consist of black-box structures, that is, they provide outcomes without revealing any information about their
underlying workings. To this end, with knowledge-based systems being inherently explainable, explanations techniques
are more focused on black-box systems (Tiddi, 2020). However, the information that these approaches provide is often
numerical, which lacks context and needs additional information to understand how a result was achieved or to interpret
that result. Knowledge based systems and reasoning are well suited to provide help here, by encoding information and
adding context to it, as well as providing the possibility to reason with that context. In addition, explanation techniques
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in Symbolic Al could help, when integrated with subsymbolic Al, to understand the underlying workings of subsymbolic
approaches. Furthermore, the existing research in explainability for knowledge-based systems is not complete and has
room for improvement. E.g., the already established methods of justifications (Kalyanpur et al., 2007) and proofs (Alrab-
baa et al., 2020) provide excellent results when explaining logical inferences of knowledge bases. However, they fall
short when explaining why observations are not a logical consequence of some knowledge base (Du et al., 2017; Haifani
et al., 2022; Ouyang et al., 2023), when, in reality, they should be. Widely used approaches that are based on reasoning
techniques in Symbolic Al, for example semantic matching, are enormously enhanced when explanations are introduced.
Thus, research of explanation techniques for knowledge-based systems, even though perceived inherently easier than for
black-box Al systems, is still a vibrant topic.

Ontologies offer a suitable way to capture and classify domain knowledge from human experts, making them practical
in various substantial fields. SNOMED CT! is a standardized medical ontology that provides codes and definitions for
medical terms (El-Sappagh et al., 2018), and the ChEBI ontology? represents chemical entities of biological interest
(Degtyarenko et al., 2007), with both including over 300,000 axioms. In addition, ontologies have been developed for
various industrial fields such as electronics (Liu et al., 2005), energy (Santos et al., 2018), process engineering (Wiesner
et al., 2010), and construction (Sorli et al., 2006), to name a few. Besides modeling domain knowledge, ontologies offer
numerous ways to support users’ decision making (Arena et al., 2017; Beimel & Albagli-Kim, 2024). This is achieved
by means of logical reasoning, which provides the possibility to perform reasoning tasks such as consistency checking,
instance retrieval, and inference. To further enhance the decision-making support, methods that provide explanations for
reasoning results are included in knowledge-based systems (Alrabbaa et al., 2020; Kalyanpur et al., 2007; Horridge et al.,
2008), thus creating explainability within the scope of Symbolic Al

Ontologies are often used to represent domain knowledge in the form of axioms. Based on these axioms, reasoners are
then utilized to infer new knowledge (axioms) that are a direct consequence of the modeled ones. The inferred axioms are
called entailments. Naturally, methods to explain entailments are constructed, and are, in fact, quite thoroughly researched.
For example, an established method to explain entailments are justifications, which provide a minimal subset of axioms
from an ontology sufficient enough for an entailment to hold (Kalyanpur et al., 2007). Recently, proofs have also been
used to explain entailments and present a step-by-step process of obtaining an entailment from a knowledge-base (Alrabbaa
et al., 2020, 2021, 2022).

However, the question now asked is: how can we explain non-entailments? Non-entailments are axioms that do not
logically follow from a knowledge base. Hence, if we would want to explain non-entailments, we would not be able to
directly derive from the existing knowledge the reasons for why an axiom is not entailed. This indicates that we need to
identify new knowledge, ‘‘missing’’ from the ontology, relevant to the concepts in the non-entailment, in order to explain
it. Considering this, a classical approach to explain non-entailments is abduction, which is used to generate hypotheses that
contain “missing” knowledge, such that when added to the ontology the non-entailment becomes entailed. In recent years,
an accent has been put on abductive reasoning in ontologies and creating methods to explain non-entailments (Calvanese
et al., 2013; Haifani et al., 2022; Koopmann, 2021; Ouyang et al., 2023).

Naturally, in abduction, a set of possible abducibles is determined (Du et al., 2017; Koopmann, 2021). Such a set
provides the possible concepts or axioms that could be abducted and it represents a form of a constraint on the hypothesis.
Recently, homomorphisms have been used to generate abductive solutions for TBoxes (Haifani et al., 2022), which do not
explicitly constraint the abduction to a set of predetermined abducibles. Still, they capture entailments through axioms that
contain atomic concepts only. Though they extend the set of common minimality criteria (Calvanese et al., 2013), such
as subset, size, and semantic minimality, and filter hypotheses that do not carry meaningful information, homomorphisms
restrict hypotheses to concepts only and exclude role restrictions in abductive solutions, thus dismissing other potential
abductive solutions. For example, considering TBox abduction, abductive solutions could be restricted to only include
axioms of a certain type, such as concept inclusions of the form A C B, containing only atomic concepts. However, in
reality, the abductive solution may not only consist of such axioms. The key reason why an observation is not entailed may
be a role restriction on a certain concept, represented by an axiom consisting of role restrictions as well, such as A C 3r.B.
If we omit role restrictions in hypotheses, then an abductive solution may not be found even if it does, in fact, exist. This
challenge is emphasized in Du et al. (2017). To resolve it, they generate predefined patterns based on justifications, which
represent forms of axioms that can be abducted.

One use case that can benefit from explaining non-entailments is semantic matching. Within Li and Horrocks (2003),
semantic matchmaking (or semantic matching) and its most widely used degrees of matches are introduced, which are:
exact, plugin, subsume and intersection. The idea of semantic matching consists of finding direct relations and retrieving
promising counterparts between two proposed concepts (Colucci et al., 2007). Explaining the results of semantic matching
helps make Al systems transparent and understandable. For example, in Gocev et al. (2020) semantic matching is used
in an industrial scenario. At first, ontologies are used to represent machine knowledge and semantic matching is used to
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match machines’ capabilities with certain product requirements. Then, explanations for the outcomes of semantic matches
are generated, which help users understand the reasons why a certain product cannot be produced. In the cases where the
machine capabilities’ and product requirements are in a negative plugin, subsume or exact match, which are represented
in the form of non-entailments, an explanation technique would allow for users to understand the reasons why a certain
product could not be directly produced by a specific machine and what needs to be done to remedy that situation. In
McGuinness et al. (2004) a satisfiability-based approach is presented to explain results of semantic matching and in
Colucci et al. (2004) and Di Noia et al. (2003) we can see the utilization of semantic matching for an e-marketplace.
To discover potential matches, they use abduction, which in a way explains why a negative result of a semantic match
is obtained, by showing how the negative result can be converted into a positive one. The explanations allow users to
”fix” the negative matches, or, in other words present suggestions on how to fix them. Hence, explaining the cases in
which outcomes of semantic matching present as non-entailments would aid knowledge-based systems in debugging and
potentially extend existing knowledge and fix negative matches. This article addresses those cases of semantic matching.

Our main contribution in this article represents a method for explaining non-entailments as a result of semantic match-
ing for the description logic £L,. We focus on performing abduction between complex concept definitions with the goal
of finding direct relations between them. In general, the problem of generating explanations for non-entailments is brought
down to a search for relations between concepts and/or roles/role restrictions in inclusions and equivalence axioms. Our
methodology does not search for relating concepts within a background knowledge, but can be easily extended to do so.
The abduction is performed on complex expressions, which are first transformed into corresponding graphical representa-
tions. Next, structure preserving maps are produced between the graphical representations of concepts, which provide the
necessary relations between those concepts that could be abducted. Since semantic matching of concepts can be essen-
tially brought down to concept inclusions and equivalence, matching concepts can be inputted to our method as complex
expressions.

To solve abduction problems, some methods (Di Noia et al., 2003; Du et al., 2017; Elsenbroich et al., 2006; Klarman
et al., 2011) impose constraints on the set of concepts and/or role restrictions that can be included in explanations. These
constraints usually allow for abduction of concepts only, and omit role restrictions. In addition, they limit the types of
complex expressions that can be included in explanations. The challenge here is to minimize those constraints and allow
for all forms of complex expressions to be included in explanations. To this end, we present our approach using subtree
isomorphisms and illustrate how abductive solutions, that contain both concepts and role restrictions, can be constructed.
We present a semantic model for the representation of complex definitions consisting of concepts and roles, which is
constrained only by the signature of knowledge bases, and formalize our approach. Finally, we present an implementation
of our method and illustrate the results for a working example, as well as perform two types of experiments: (a) synthetic
experiments in which we randomly generate various concept expressions that contain from smaller to larger number of
concepts and roles with the goal of stressing the methods’ performance, and (b) experiments on realistic ontologies to test
the practicality of our method. The experiments show that the method can correctly and practically compute solutions to
abduction problems.

We improve existing results by generalizing our method to be equally able to abduct role restrictions as well as concepts,
which renders it capable of finding solutions to abduction problems where other approaches fall short. In addition, our
method performs abduction of all formats of complex concept expressions and does not have any additional constraints,
other than the signature of the background knowledge. Compared to other methods, we also improve the time needed to
compute abductive solutions.

The remaining of the article is structured as follows: Section 2 presents related work on abduction and methods for
generating explanations of non-entailments in DLs, how explanation techniques are used for semantic matching, and
limitations and challenges in the areas, Section 3 overviews the Description Logic ££, and semantic matching in DLs, as
well as related notions, in Section 4 we define the problem of explaining non-entailments obtained as a result of semantic
matching, in Section 5 we present our methodology, Section 6 contains the implementation of our method presented on
a working example, as well as results obtained from an experimental setup, Section 7 contains a brief comparison of our
method to existing ones and finally, Section 8 contains concluding remarks.

2 Related Work

The problem of explaining results of semantic matching has been treated in various different ways in the past. They can
be outlined by two main categories: explaining entailments, and explaining non-entailments. An entailment is an axiom
that logically follows from a knowledge-base, for example, an ontology or a knowledge graph. They are often referred
to as logical inferences. One established method for explaining entailments are justifications (Kalyanpur et al., 2007;
Horridge et al., 2008). A justification is a subset consisting of the minimal number of axioms from an ontology such that
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the entailment holds. Recently, proofs, in the form of directed hypergraphs, have been utilized to explain inferences for
a defined logic L, which could be either first-order logic or some description logic (Alrabbaa et al., 2020, 2021, 2022,
20227). These methods provide excellent results when explaining entailments and, when a result of semantic matching
presents as such, they can be applied directly. However, these methods fall short when explaining non-entailments, that
is, axioms that do not logically follow from a knowledge base. In this case, a standard approach is abduction (Calvanese
et al., 2013; Colucci et al., 2004; Di Noia et al., 2004, 2009, 2003; Gocev et al., 2022; Koopmann, 2021; Ouyang et al.,
2023).

An abduction problem consists of a background knowledge and an observation that is not entailed. A solution, referred
to as a hypothesis, is a set of axioms that when added to the background knowledge the observation becomes entailed. Since
the hypothesis provides reasons for why the observation was not entailed in the first place, it is treated as an explanation
for the non-entailment. Depending on the background knowledge and the observation, we can perform concept abduction
(Bienvenu, 2008; Ouyang et al., 2023), where the hypothesis consists of atomic concepts restricted by the background
knowledge, ABox abduction (Calvanese et al., 2013; Ceylan et al., 2020; Del-Pinto & Schmidt, 2019; Du et al., 2012,
2014; Halland & Britz, 2012; Klarman et al., 2011; Koopmann, 2021; Pukancovd & Homola, 2017, 2020), where the
background knowledge includes assertions and the observation is a query to the ABox (the hypothesis contains assertive
knowledge), TBox abduction (Du et al., 2017; Haifani et al., 2022; Wei-Kleiner et al., 2014), specific for explaining
observations in the form of general concept inclusion axioms, and knowledge base abduction (Elsenbroich et al., 2006;
Koopmann, 2021), where the hypothesis consists of terminological and assertive axioms constructed from the background
knowledge.

We can also see the utilization of abduction for semantic matching in Colucci et al. (2004); Di Noia et al. (2004, 2007),
where a search is propagated for the assumptions needed for a supply to meet a demand. The focus is mainly on the
abduction of concepts that are added or contracted from definitions of matching concepts, in order to achieve a certain
degree of semantic similarity between them. The added concepts represent hypotheses that explain the negative outcome
of the semantic match. However, this contraction or extension may change the original concept definitions and the expla-
nations may not present as meaningful. To tackle this, specific constraints are introduced in the search for explanations.
Our interest lies in preserving the definitions of matching concepts by finding direct relations between them, while putting
minimal constraints on the process of abduction.

The problem of evaluating concept compatibility in semantic matching can be brought down to a search for a conjunc-
tion (or an extension of a conjunction) for given matching concept definitions. Ultimately, this search can be transformed
into the subgraph isomorphism problem (Bartalos, 2011; Rouached & Godart, 2008). We present how the subgraph iso-
morphism problem can be utilized to explain non-entailments of semantic matching and a method that computes subtree
isomorphisms to generate explanations for non-entailments of semantic matching.

Similarly to Colucci et al. (2004); Di Noia et al. (2004, 2007), abduction is used to generate explanations. However,
our method focuses on obtaining direct relations between matching concepts, that is, general concept inclusions (GCIs),
instead of concepts alone, to explain non-entailments of semantic matching. This approach preserves the structure of the
definitions of matching concepts, thus filtering explanations that do not provide critical information for the outcome of
semantic matching.

While graphs and homomorphisms have been used previously to solve abduction problems and to explain general
concept inclusion non-entailments (Haifani et al., 2022), which our method also does, we do not search for relating con-
cepts in TBoxes, but generate explanations of non-entailments that contain direct connections between complex concept
definitions, which are obtained as a result of our semantic matching scenario.

In addition, we use subtree isomorphisms instead of homomorphisms between graphical representations of concept
definitions to allow for abduction of not only concepts, but also role restrictions, which represents our major contribution
in this article.

Previously, in our work (Gocev et al., 2022) we presented an approach for generating explanations for non-entailments
in DLs using subtree isomorphisms. The approach is focused on explaining general concept inclusion non-entailments.
Since the method in Gocev et al. (2022) finds direct relations between concepts in a non-entailment, it fits the use-case of
semantic matching. In this article, we formalize our previous work and show how it can be used to generate explanations
for results of semantic matching that are not entailed. We extend the definitions for subtrees and show in detail how subtree
isomorphisms capture concept inclusions in semantic matching. In addition, we fully implement and test our method.

3 Preliminaries

In this section, we briefly summarize the description logic £L |, which is an extension of the description logic £L that
also allows concept disjointness, along with other fundamental concepts and notations used throughout this article.
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3.1 €L, Description Logic

We start by defining countably infinite disjoint sets, N- whose members are called atomic concepts, and N whose
members are called roles. By combining these we form a signature, ¥ := (N, N ). We denote atomic concepts by A,
roles by r;, and complex concepts C; and/or D; for i € NO. In the case where a distinct concept and/or role occurs, the
indexing is omitted and we write A for atomic concept, r for role, and C and/or D for a complex concept.

EL,| concepts (a.k.a. complex concepts) are inductively defined by the syntax:

C,D:=T|Ll|A|CnD|3rcC,

where A € N, r € N.

n
For concise representation, we denote a conjunction of £L£, concepts by C,mC, n--nC, =[]C..
i=0
The interpretation T = (A, -T) consists of a non-empty set called the domain of T and a function -£. The function -Z,
defined on the sets of atomic concepts N and roles Ny, associates with each concept name A € N, AT C AT, and with
each role name r € Ny, r! C AT x AT. We can extend the interpretation function -1 to complex concepts, by inductively

defining:

- TL =A% 1T =0,
— (cnD)?!:=ctnD?,
- @ArOr:={ae Al |Fbe AL, (a,b) er* Abe CL).

A TBox T represents terminological knowledge and is a finite set of General Concept Inclusions (GCls, a.k.a. axioms)
of the forms C C D - we say "C is subsumed by D” with the meaning ”C is included in D” or "D includes C” and C I D -
we say ~’C subsumes D” with the meaning "D is included in C” or ”C includes D”.

We denote axioms by a and add indexing when there are multiple axioms, «; for i € N°. The interpretation 7 is a
model of C C D if CT C DT and it is written as Z F C* C DZ. Similarly, Z is a model of C 3 D if CT D D, written as
I EC! 2D Tisamodel of C = Dif Tisamodel of both C C D and C 3 D. If the interpretation Z is a model of every
axiom in a TBox 7T, then it is a model of 7. A TBox 7T is consistent if it has a model.

Definition 1. A TBox 7 entails an axiom « if and only if all models of 7 satisfy «. In this case, we write T F a.

Definition 2. A TBox 7 does not entail an axiom « if there exists a model of 7 that does not satisfy a. In this case, we
write 7 K a.

When an axiom « is entailed by a TBox 7, T F a, we refer to it as an entailment and say that « is entailed or « is a
logical inference (consequence) of 7. When « is not entailed by 7, T ¥ a, we call it a non-entailment and say that « is
not entailed or a is not a logical inference (consequence) of 7. The subsumption problem for the £L family of description
logics is decidable in polynomial time (Baader et al., 2005).

3.2 Rooted Trees

We introduce some fundamental concepts and notations from graph theory, that are used throughout this article.
A directed rooted tree is a directed acyclic graph, with the following characteristics:

One node has been distinguished by the others and is designated as the root, that is, it has no in edges,
— All other nodes have exactly one in edge, and can have n out edges oriented away from the root,
There is a path from the root to all other nodes, that is, it is connected,

There do not exist any cycles, that is, it is acyclic.
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We formally define directed rooted trees as a tuple T = (V, &, p), where:

— 7Visa set of nodes,

— & is a set of edges, which are ordered pairs of distinct nodes & = {(x,y) | (x,y) € V?and x # y}, which are
assigned a natural orientation away from the root,

— pis the designated root node.

We denote nodes of trees by v;, w;, u;, x;,y;,z; for i € N, where i = 0 is a reserved notation for the root, and edges of
trees e, for k € N. When referring to a distinct node or edge we omit the indexing and write v, w, u, x, y, z for nodes, p for
the root, and e for edges. We use the notation (v;,v;) to represent an edge ¢,. In the edge ¢, = (v;, v;), directed from v; to
v;, the nodes v; and v; are called the endpoints of the edge, v; is the head of the edge and v; is the zail of the edge. Edges
with the same tail nodes are not allowed.

Let T = (V,&,v,) be arooted tree. A path  in T is a sequence of nodes v, v,,...,v;,...,v, in V and a sequence of
edges e, e,, ..., €, ..., e, in &, such that = begins with v, and ends with v, and for each pair of subsequent edges ¢,
and e, , the tail node of ¢, is the head node of ¢, . All nodes and all edges in 7 are distinct. We denote by z(v,,v,) =
(vy,...,v,) forv,,...,v, €V the sequence of nodes for the path starting in v, and ending in v,, and denote by z,(v;,v,) =
(e|,...,e,_1)fore, ... e, , € € the sequence of edges for the path starting in v, and ending in v,,. z(v,,v,) and z,(v;,v,)
are different representations that refer to the same path.

In a rooted tree there is a unique path between any two nodes. The length of a path is the number of vertices in a
path, and is denoted by |z(v,,v,)|. If v; lies on the distinct path from the root to v,, then v; is called an ancestor of
v, and v, is a descendant of v;. The depth, d(v), of a node v is the number of edges in the path z,(p,v) and is d(v) =
|z, (p,v)| = |x(p,v)|] — 1. The children of a node v are defined as N(v) := {u|u € Vand (v,u) € £}. The degree
of anode v € Vis 6(v) := |[N(v)|. A leaf node is a node that does not have any children, that is, 6(v) = 0. We refer
to a path as complete if it starts at the root node and ends in a leaf node. The set of all complete paths I1° in T is
I := {z(p,v) | v € V,v # p and 6(v) = 0}. When we say z(p,v) € I1° we also imply z,(p,v) € I and vice versa.

Formally, we define the connected and acyclic characteristics of a tree T = (V, &, p) as follows:

— T is connected, that is, each node can be reached when traversing the tree from its root p, forallv € V \ {p}, Iz (p,v)
that is the transitive closure of &,
— T is acyclic, that is, it does not contain any cycles, for all v,u € T, if 3z(v, u), then v # u.

Nodes and edges of rooted trees can contain labels. A labeling is simply a map f : A — B, such that for every element
b € B there is at least one element a € A, such that b = f(a). We can define a node-edge-labeled rooted tree as follows:

Definition 3. A rooted tree T = (V, £, v, 4, A¢) is called node-edge-labeled (or labeled) where Ay, is a labeling of the
nodes, 4y, : V ~ L,,, which maps all nodes to labels in a set of node labels L,,, and A, is a labeling A, : € = L., which
maps all edges to labels in a set of edge labels Ls. A rooted tree is called only node-labeled if it only contains a labeling
of the nodes. Subsequently, a rooted tree is called only edge-labeled if it only contains a labeling of the edges.

3.3 Semantic Matching

Semantic matching is a technique used to identify semantically related concepts (Bassiliades et al., 2017; Di Noia et al.,
2003, 2003?; Li & Horrocks, 2003; Paolucci et al., 2002). Introduced in Li and Horrocks (2003), semantic matching
determines whether two concepts are semantically similar (or compatible) w.r.t. some background knowledge, if their
intersection is satisfiable. If the intersection of two concepts is not satisfiable w.r.t. some background knowledge, then they
are not semantically similar, that is, the concepts are incompatible. We refer to the former as positive intersection matches
and the latter as negative intersection matches.

Definition 4. Let 7 be an ££, TBox and C and D concepts defined w.r.t. X, = (N, Ng). Positive and negative
intersection matches, respectively, occur when:

TH¥COD=1, (L
TECND=1. 2

A positive result of an intersection match (or a positive intersection match) occurs if two concepts C and D are seman-
tically similar. Consequently, a negative result of an intersection match (or a negative intersection match), occurs if two
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concepts C and D are not semantically similar. Since it is not particularly useful to merely determine if two concepts are
semantically similar or not, intersection matches are extended to: exact, plugin, and subsume, as seen in Paolucci et al.
(2002) and Li and Horrocks (2003). It would be more useful to know whether they are, or could be, in a higher matching
degree. The exact, plugin, and subsume match levels tell us the extent to which the concepts are semantically similar,
which is more useful in decision-making scenarios.

Positive and negative semantic matches of higher degrees are defined as follows:

Definition 5. Let 7 be an ££, TBox and C and D concepts defined w.r.t. £ = (N, Ny ). Positive semantic matches of
higher degrees occur when:

Exact :7 E C =D, 3
Plugln :7 E CC D, “4)
Subsume :7 £ C 3 D. %)

and negative semantic matches of higher degrees occur when:

Exact .7 ¥ C =D, 6)
Plugln :7 ¥ CC D, (7N
Subsume :7 ¥ C 3 D. ®)

Let C and D be two concepts defined w.r.t. the signature of some background knowledge. We denote by match(C, D)
the intersection match between the concepts (CrD C 1), by match_(C, D) the exact match between the concepts (C = D),
by match(C, D) the plugin match between the concepts (C E D), and by match5(C, D) the subsume match between the
concepts (C J D). When we write match(C, D) we mean any one of the exact, plugin, or subsume match. The symbol

g is a placeholder for (=, C, or 3).

4 Problem Formulation

There is a clear distinction between the types of semantic matches and results they provide, as well as the way the results
present themselves w.r.t. some background knowledge. Intersection matches provide only information whether the con-
cepts in the semantic match are compatible or not. For example, if two concepts are not compatible, the (negative) result
of the intersection match between them presents as an entailment and to explain it we can invoke a justification, which will
provide the reasons why the concepts are not compatible. However, if two concepts are, in fact, compatible, it presents as a
non-entailment. To explain this (positive) result of their intersection match, we refer to exact, plugin, or subsume matches.
To put it simply, the information that the positive intersection match gave can be further used to identify the degree to
which the matching concepts could be, semantically similar. If we explain the extent of their similarity, we also inherently
explain why they are compatible.

Let 7 be an ££, TBox and match(C, D) a semantic match of higher degree (exact, plugin, or subsume), such that
the outcome of the semantic match is ;egative, T ¥ match(C, D). A classical approach to explain this non-entailment

is abduction, that is, finding “missing” knowledge such that when added to 7 the result of the semantic match becomes
positive. If the matching concepts should, in fact, be in a positive exact, plugin, or subsume semantic relation, that is, if
match—(C, D) should logically follow from 7, then abduction allows us to find reasons why it was not entailed and fix the

non-entailment. The abduction problem we are interested in for semantic matching is defined as follows:

Definition 6. Let 7 be an ££, TBox and match(C, D) an exact (C = D), plugin (C E D), or subsume (C I D) seman-
tic match between concepts C and D. An abduction problem is a tuple (7, match(C, D)), where 7 is the background
knowledge, T FCnD=Lland T ¥ matchD(C , D), that is, the result of the semantic match is negative (non-entailment).
A solution to the abduction problem is a hypothesis H of the form:

H:{a|T|7'a},

suchthat 7 UH ¥ Cn D = L and 7 U H F match(C, D).
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5 Explaining Non-Entailments of Semantic Matching

To explain non-entailments of semantic matching we opt to search for “missing” connections between concept descriptions
introduced in a negative match. The case of intersection matching is used purely to identify whether the background
knowledge can, in fact, provide a consistent model of a semantic relation between matching concepts. For the negative
outcomes of higher degree matches, we need to construct hypotheses that will contain the axioms such that when added
to the background knowledge the outcome of the match becomes positive. To do this, we need to take into account the
following:

Point 1. Hypotheses should contain axioms that preserve the structure of concept descriptions (definitions) introduced in
matches,

Point 2. Hypotheses should take into account the structure of concept descriptions that cannot be preserved,

Point 3.  Hypotheses should not unnecessarily omit parts of concept descriptions that preserve the structure.

The three points refer to the overall idea of performing abduction between matching concepts. Point 1 addresses the
general settings of concept inclusions and equivalences. To give an example, consider some concepts defined as C =
Ay 3rA, and D = B, N 3r.B; w.r.t. some terminological knowledge 7. In order for 7 £ C C D, the background
knowledge should contain the information 7 £ Ay E Byand T E A EB,.If T EFA,C B, and T E A, C B, then we
would not have the necessary knowledge for C C D to hold w.r.t. 7. We can see that the required knowledge is structured,
that is, the top level concept in one definition is subsumed by the top level concept in the other, and the concept restricted
by the role in the first definition is subsumed by the concept restricted with the same role in the second definition. This
structure must be preserved in order to correctly compute abductive solutions (hypotheses).

However, in some cases, this structure cannot be preserved. Take for example the concepts C = A, M 3r.A; and
D = B, N 3s.B,. We can see that A, can be related to B, but in C the concept A, is restricted by the role r and in D the
concept B, is restricted by the role s. If we have that 7 F A; C B,, we would still not have the critical knowledge in order
for C C D to be entailed by 7. This is because the concepts are restricted by different roles and Point 2 refers exactly to
cases such as this one. Here, we would need to take into account the entire role restrictions in C and D, in order to obtain
the necessary knowledge for the axiom to hold, thatis, 7 F A, C Byand 7 F 3r.A| C 3s.B,.

Finally, Point 3 addresses the intuition behind constructing abductive solutions (hypotheses). To exemplify this, con-
sider again the concepts C = A, M 3r.A; and D = By M r.B,. In order for 7 £ C E D, we need for 7 F Ay E B, and
T EA, C B, whichA, C B, and A; C B, would be our abductions. However, we can also abduct A, r.A; E B, 3r.B,,
which is a more complex expression. If 7 E Ay M r.A; E B, 3r.B|, then 7 F C C D, but in this case we would obtain
a more complex abduction, rather than two simpler ones that are easier to understand, and most importantly, lead to the
same outcome.

The idea of preserving the structure in Point 1 refers to avoiding abduction of unrelated concepts. We present the notion
of an EL description tree, as originally defined in Baader et al. (1999) and revisited in Haifani et al. (2022), which is a
graphical representation of £L concepts.

Definition 7. Let 7 be an ££; TBox with signature £ = (N, Nz ). An EL description tree is a labeled directed rooted
tree, T = (V, £, vy, Ay, A¢), Where:

— Vs a finite set of nodes,

£ is a finite set of edges,

v, is the root node, s.t. vy € V,

— Ay 1V > N, such that for any v € V, 4,,(v) C N, and
— Ag 1 € > Ny, such that for any e € &, A.(e) € Ng.

The empty label represents the top concept (T). The bottom concept (L) is not allowed in description trees.

We can recursively define a concept C which is represented by a description tree. Let T = (V, E¢, v, Apes Agc)
be the description tree for the concept definition C. If v,,v,,...,v, are the children of v, and we denote by
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Tc(w), Te(vy), ..., Te(v,) the pairwise disjoint subtrees of 7. rooted in v, v,,...,V,, then we can define the concept C
as:
C=Cr oy ©)
CTC(V,-) = |_|/1vc(v,-) n [ Ellgc((v,-,vj)).CTC(v/_),
(viv))E€C

where Cry, , is the concept represented by the tree rooted in v,, and Cy,  are the concepts represented by the trees
rooted in v;.

Likewise, if we have a concept definition C = []A; 1 3r,.C; 1 --- 1 3r,.C,, we can define the description tree
i=0
Te = (Ve SC, Vo> Ay, A¢.) of C inductively, based on the pairwise disjoint description trees ¢, Tc,, ..., T, for con-

cepts C,,C,,...,C, in the definition of C. If we denote by T; = (V,, &;, v;, /lv,_, /151_) the descrlptlon trees for concepts C;,
then:

n

vc_{vo}qu,,ec_{<v0,v>|1<z<n}uU Ay () = {Ag. AL LA,
i=1 i=1

}‘v ) = ﬂv (v;),for any v, € V,,
Ae ((visv;)) = Ag (v, v;)), for any (v, v;) € €. (10)

Representing concept definitions as description trees gives the potential to relate concepts w.r.t. a background knowl-
edge. For example, homomorphisms between description trees capture subsumption between £L concepts (Baader et al.,
1999; Haifani et al., 2022). This is achieved by generating a mapping between the vertex sets of description trees which
preserves the structure between edges and labels. Consequently, this structure preserving map translates in the form of
a concept inclusion, w.r.t. a background knowledge, between the concepts represented by those description trees. We
focus on description tree isomorphisms, as a means of capturing subsumption and equivalence relations between concept
definitions in semantic matching.

Definition 8. Let T, = (V, é'c,vo,ﬂv(‘,/lgC) and T, = (VD,SD,WO,AVD,ASD) be two description trees. A weak
isomorphism from 7 to T}, is a bijective mapping ¢ : T — T}, such that:

L @(vy) = wy,
2. (vpvy) € Ec o (d(n), ¢(v)) € Ep and A (v, v)) = e ((P(v), (V).

We write T~ = T}, if two trees are weakly isomorphic.

We propagate the notation from Haifani et al. (2022), and distinguish description tree isomorphisms in two main ways:
weak isomorphisms, that is, isomorphisms that satisfy the conditions in Definition 8, and T -isomorphisms, which are weak
isomorphisms that contain a semantic layer. Further, we categorize 7 -isomorphisms into three types:

— Type exact T -isomorphism, denoted by 7_-isomorphism,
— Type plugin 7 -isomorphism, denoted by 7:-isomorphism,
— Type subsume 7 -isomorphism, denoted by 75-isomorphism.

Definition 9. Let 7 be an ££, TBox and T = (V. €, v, Ay, Ag.) and Ty = (Vp, Ep, W, Ay, , g, ) be two description
trees. A weak isomorphism ¢ : T~ = T}, becomes:

1. Exact (7_-isomorphism), when Vv € V-, andw € V), s.t. p(v) = w, T E [] Ay, (V) = [ Ay, (W),
2. Plugin (7_-isomorphism), when Vv € V., and w € V), s.t. ¢(v) =w, T E[] ﬂv Q1IN ﬁv w),
3. Subsume (T -isomorphism), when Vv € Vi, and w € Vp, s.t. p(v) = w, T E [] Avc(v) a0 Avn(w).

Each type of a 7 -isomorphism characterizes specific concept relations, that is, 7_-isomorphism captures equivalence,
and 7 -isomorphism and 75-isomorphism capture inclusion. Consequently, the three types of 7 -isomorphisms capture
relations for corresponding types of a match, that is, 7_-isomorphism captures relations in exact matches, 7_-isomorphism
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in plugin, and 75-isomorphism in subsume. The semantic layer in Definition 9 extends weak isomorphisms and allows for
TBoxes to capture equivalence and subsumption, which is also convenient for capturing the relations in exact, plugin, and
subsume matches.

Theorem 1. Let T be an EL | TBox, C and D two concepts defined w.rt. T, and T¢ = (V. Ec, vy, Ay, Ag, ) the description
tree of C and Tp, = (Vp, Ep, Wy, Ay, ASD) the description tree of D. If there exists a T_-isomorphism ¢ : T — Tp, then
T E C = D, if there exists a T-isomorphism ¢ : To = Tp, then T E C T D, and if there exists a Ty-isomorphism
¢:To— Tp, thenT EC I D.

Proof. We are examining the case of 7 £ C = D. The proofs for the cases 7 £ C C D and 7 £ C J D are analogous.

The proof is done by structural induction on the depth of 7. Assume ¢ : T- — T}, to be a 7_-isomorphism.

Base case: If Tc = ({vy},0,v), Ay, 4¢.) and T, = ({w}, B, wy, Ay, , g ), we have that C = [] 4y, (vy) and D =
[14y,(wo). Since T F [ Ay, (vg) =[] 4y, (Wy) and $(vy) = w, it follows that 7 F C = D.

Induction: We extend the tree T- = ({vy} U {v; | 1 i <n}, {{(vp,vi) | 1 £ i< n},v,, Aves ﬂgc), s.t. each v; is the root
of the subtree T-(v;) in T,.. Since ¢ is a 7_-isomorphism from T to T}, that is, a bijective mapping, for each child of v,
in T, there is a corresponding child of w, in T}, s.t. ¢p(v;) = w;.

Assuming that ¢ is also a 7_-isomorphism from T¢(v;) to Tp(w;), by induction we have that 7 F Cr ), = Dy,
and subsequently 7 F 34, ((vo, v;))-Cr ) = e ((wo, w;))-Dr, (.., for all children of vy in T and wy in 7). Because
T E 14y, (vo) =[] Ay, (W) we have that 7 F C = D. O

Considering that 7 -isomorphisms preserve the structure between concept definitions and characterize concept equiv-
alence and subsumption in £L |, they can be used to solve abduction problems as defined in Definition 6. Particularly,
the concept equivalence and inclusions from Definition 9 extend weak isomorphisms to certain types of 7 -isomorphisms.
Thus, we can search for weak isomorphisms between description trees, and, by adding a semantic layer in the form of a
hypothesis we can extend them to, in fact, (7 U H)-isomorphisms where needed. The hypothesis H will contain “miss-
ing” knowledge that explains the non-entailment. Dependent on the type of the semantic match we are interested in, we
can perform abduction with either (=) (to represent exact matches), (C) (to represent a more specific match) or (3) (to
represent a less specific match).

Definition 10. Let 7 be an ££ | TBox, C and D two concepts defined w.r.t. 7, such that 7 F matchD(C, D). If there exists
a weak isomorphism ¢ : T = T, , ¢ can be extended to a T-isomorphism by constructing a hyp(;hesis H, such that:

H = {4y, ) O MNAy, W) | Vv € Ve, w € V) s.t. p(v) = w} (11)

To illustrate how a 7 -isomorphism captures concept relations and how weak isomorphisms can be extended via a
hypothesis to 7 -isomorphisms, consider the following example.

Example 1. Let 7 be the TBox 7 = {By E Ay),B; CA,,B, CA,,B; CA,}, and let:

C,=A,N3rA N3sA,,
D =B,n3r.B, M3s.B,,
C,=A;n3rA, N3sAs,

be three concept descriptions, such that 7 ¥ C,mD = 1,7 ¥ C, N D = L. The description trees of C;, D, and C, are
defined as follows:

Te, = Ve, = {vo.visva b Ec, = (v vi)s Vg, v2) ) vos
ﬁvcl ={vo = {Ag}.vi = {A L vy = {Az}},ﬁgcl = {{vg.v1) = 1. (vg. 1) = 1),
Tp = (VYp = {wp,wi, Wy}, Ep = {{Wg, Wi ), (Wg> Wa) }, o,
Ay, = {wo = {Bol.wy = {B1},wy = {By}), Ag) = {(wo, wy) = 7, (wg, wy) = 5}),
Te, = Ve, = {ug, up, up ), Ec, = {{ug, uy), (g, u) }, ug,

}”ch ={ug— {A3},u; » {As}uy - {AS}},AEC2 = {(ug, u;) = r,(uy, uy) — s}).
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Figure 1. Example Description Trees T¢ (Left), Tp (Middle), and T¢, (Right) for Concepts C,, D, and C;, Respectively.

and are illustrated in Figure 1, along with two weak isomorphisms:

L ¢y : T¢, = Tp = (vywo)(vyw)(v,w,) between T and T}, shown in green double sided arrows, and
2. ¢y Te, = Tp = (ugwo)(u;wy)(uyw,) between T and T, shown in blue double sided arrows.

We can notice that ¢, is a Tg-isomorphism, since it is a weak isomorphism between TC1 and T, and it also holds that:

- TE AVC (Vo) .| )’VD(WO)’ that iS, T E BO C AO’

= T F Ay (v)) 3 Ay (w)), thatis, 7 F B E A, and
1 D

- TE /val (vy) 2 AVD(WZ), thatis, 7 F B, C A,.

From this, it follows that 7 F D C C; and we can see how a 7 -isomorphism captures concept inclusion.
On the contrary, ¢, is only a weak isomorphism, because the trees T, and T}, are structurally isomorphic, but the
condition for the semantic layer of a 7 -isomorphism does not hold. Here, we have:

- TE /lvc (u;) 2 Ay (), thatis, T E B C A,,
) D
and

-THK Ay, (g) I Ay (W), that is, T ¥ By C A5, and
- T¥ /va; () I Ay, (wy), thatis, T ¥ B, C As.

Therefore, in this case 7 ¥ D E C,. However, T ¥ B, E A; and 7 ¥ B, C A can be considered as “missing” knowledge
from 7, because if they hold then 7 F D C C,. Thus, we can formulate a hypothesis:

H = {B, E A3, B, C As},

that extends the weak isomorphism ¢, to a (7" U7 )-isomorphism, while preserving the structure between the descriptions
trees, and we have that TUH F C,mD=land T UH EDLC C,.

If relations between concepts are missing from some background knowledge 7, a weak isomorphism between the
graphical representations of those concepts will point to which of those relations are missing. Thus, a semantic layer
can be created on top using the weak isomorphism. This semantic layer is exactly the hypothesis that will explain the
non-entailment. In other words the semantic layer will extend the weak isomorphism to a 7 -isomorphism. In addition,
weak isomorphisms and 7 -isomorphisms preserve the structure between description trees of concepts and do not allow
for unrelated concepts to be in hypotheses. With this Point 1 is addressed. However, we need to extend the approach to be
able to also abduct role restrictions.

Point 2 addresses the abduction of role restrictions. The key reason why a non-entailment exists may be a role restriction
on a certain concept (or complex expression), that depicts a part of the structure of concept descriptions that cannot be
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preserved. Roles are presented as labels of edges in description trees. If the labels of edges between description trees
are different, that is, not preserved, then by Definition 8 those trees cannot be weakly isomorphic. This also means that
the concepts in the descriptions cannot be related and a 7 -isomorphism (or a (7 U H)-isomorphism) cannot be obtained.
However, if we contract entire parts of descriptions trees, and, consequently of concept definitions, that cannot be preserved
and introduce them in hypotheses, then a (7 U H)-isomorphism could still be reached. By taking away those parts in the
description trees, we essentially take away whole nested role restrictions in the original concept definitions. The parts of
trees that cannot be preserved will provide the “missing” role restrictions that need to be included in the abductive solution
in order for a non-entailment to become entailed. Therefore, abduction of role restrictions is crucial when concepts’
definitions cannot be preserved.
To allow for abduction of role restrictions we introduce subtree isomorphisms between p-subtrees.

Definition 11. Let T = (V, £, v, 4,, A¢) be a description tree. T[S] = (S, Elsp Pss Ais)s /lgm> is the connected induced
subtree of T, where S is the inducing set, such that:

— T[S]isrootedin pg € V,

- SCV &4 CE,

— foreachv € S: 119 3 7(ps,v) € H(}[S], that is, T[S] is connected,
— for any two nodes v,u € S, (v,u) € &4, iff (v,u) € &,

— forallv € S, 45/(v) = Ay(v),

— foralle € &4, A (€) = Ag(e).

If T[S] is an induced subtree of T, we write T[S] C T. T[S] is called a p-subtree if T[S] is an induced subtree of 7 and
has the same root as 7', thus pg = v, and denote it by T[S] C, T

Observation 1. A p-subtree is a description tree itself.

Proof. We show that a p-subtree T[S] = (S, 57, P55 Apsy5 /IS[S]> of a description tree T = (V, £, v, 4,5, 42 ) has the same
characteristics as a description tree w.r.t. Definition 7 and that it is connected. Initially, by Definition 11, a p-subtree has
the same root as a description tree, thus ps = v,. Next, we show for each characteristic of a description tree that it holds
for p.-subtrees.

V is a finite set of nodes,

* From the definition of p--subtrees, v € S : H(} 3 (vy,v) € Hg[ s that is, for some node v € S, the path z(v,, v)
in T is also in T[S]. Therefore, each node v, v, ... v € m(v,, v) in the original tree 7, must also be included in the
inducing set S, that is, vy, v, ... v € S, otherwise 7 (v, v) will not be in T[S]. Thus, it follows that S € V and T[S]
has a finite set of nodes.

£ is a finite set of edges:

* From the definition of p.-subtrees, v € S : H(} 3 n(vy,Vv) € H(}[s], that is, each sequence of nodes in the path
7(vy, v) is connected by a sequence of edges e, e,, ... €,_; in T and in order for z(v,, v) to be in T[S], e}, €,, ... €,_;
must be in &g;. Thus, it follows that for any two nodes v,u € S, (v,u) € &g iff (v,u) € £, &5 C £, and T[S] has
a finite set of edges.

Ay V > N, such that for any v € V, 4,,(v) C N

* By definition, for all v € S we have A;¢;(v) = Ay (v). Since Ay,(v) € N, we also have A;5;(v) € No.

— Ag : € > N, such that for any e € &, A.(e) € Ng.

* By definition, for all e € &5 we have 4, (¢) = A¢(e). Since A¢(e) € N5, we also have A () € Nx.

T[S] is connected:

* Fromv € S : H(; 3 n(vy,v) € H(}[ S it is also implied that for each vertex in the inducing set S, the unique path
in T connecting v, to v must also be in T[S]. Since there is a unique path from the root of T[S] to every node in
S\ {vy}. it follows that T[S] is also connected.

Thus, a pc-subtree is a description tree itself. U

Observation 2. If T = (V, £, v, Ay, A¢) is a description tree, then T is a p-subtree of itself, that is, T C , T
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Proof. The proof directly follows the definition of an induced subtree. We want to show for a description tree 7 =
(V,E,vg, Ay, Ag) that T C, T Then, T is the induced subtree of 7', by taking all vertices of 7" as the inducing subset S,
S = V. Since, the root v, is the same, T <, T. O

Because p-subtrees are description trees, Definition 8 refers to weak isomorphisms between p-subtrees as well. In
addition, we can extend weak isomorphisms to 7 -isomorphisms for p-subtrees, thus providing a semantic layer. In order
to do this, we need to take into account parts of descriptions trees that do not preserve the structure, which will provide
the missing role restrictions in the abductive solutions.

Definition 12. Let 7 be an £L£, TBox and T = (Vc, E¢, v, Ay, A, ) and Ty = (Vp, Ep, Wy, Ay, , A¢, ) be two description
trees. A weak isomorphism ¢ : T[Sl = Tp[Spl for Tc[Scl €, T and Tp[Spl S, T becomes:

1. Exact (7_)-isomorphism, when Vv € S.,w € Spys.t. ¢(v) =w, T E /1;‘5 ](v) = AE‘S ](w),
C D
2. Plugin (7_)-isomorphism, when Vv € S, w € S, s.t. p(v) =w, T k /IFSC](V) cC A[*SD](W),
3. Subsume (7)-isomorphism, when Vv € S, w € Sp s.t. p(v) =w, T F )”Fs(](") | AE‘S ](w),
where:
/IE‘SC](V) = |_|/1[5C](V) 0[] e, (v, X)).Cr (s (12)
(vx)eée,
XESc
and
AE}D](W) = [—M[sD](W) n Il El/lgu((w,y)).CTD@), (13)
(w,y;gé‘n,
YESp

Definition 12 states that for a given weak isomorphism between two p.-subtrees, the vertices and edges that have
induced a subtree will adjust the labels that provide the semantic layer. This adjustment allows for abduction of complex
concept expressions which include concepts, role restrictions, or a combination of both.

Same as before, we distinguish three types of 7 -isomorphisms between pc-subtrees, that correspond to the exact,
plugin, and subsume matching relations. To exemplify an isomorphism between p-subtrees of description trees and
abduction of both concepts and role restrictions, consider the following example:

Example 2. Let 7 be a TBox, such that 7 = {B, C A, } and let

C=A,N3drA N3sA,NIp.A;
D =Byn3r.B,N3s.B, (14)

be two concepts defined w.r.t. 7, such that 7 ¥ D C C. The description trees of C and D are shown in Figure 2. It is
apparent that the description trees T~ and 77, are not isomorphic, because there does not exist a mapping that preserves the
structure between the trees. However, we can find subparts of T~ that are isomorphic to T},. If we consider the following
induced p-subtree of T:

TC[SC] = <SC7 E[SC]’ VO9 )’[SC]’ AS[SC]>
=(S¢ = {VO’VI’VZ}’S[SC] = {{vo, 1> (Vo> v2) }> Vo>
/1[56] = {vg = {Ag}, vy = (A1}, vy = {Ay) ),
/151561 = {(vo:v1) = 1. (v, v2) = s}, (15)
obtained by pruning the edge (v,,v;), we can find a weak isomorphism ¢ : To[So] — Tp, such that ¢ =

(vowo)(viw)(v,w,). However, ¢ is missing a semantic layer in order to become a 75-isomorphism and capture the concept
inclusion between C and D. Currently, it holds that:

= T F At (v) 2 Ay, (wy), thatis, 7 F B, € A,.
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vo: {Ap} wo:{Bg}
M /\
AR TN Y N

VI:{AI} V2:{A2} V3:{A3} WI:{BI} Wzi{Bz}

Figure 2. Description Trees T¢ (Left) and T (Right) and a Subtree Isomorphism.

On the other hand, we have that:

-TH /IE*SC](VO) 3 Ay, (W), thatis, 7 ¥ By C A, 1 3p.A;, and

-T¥ AFSC](VI) 3 Ay, (wy), thatis, T ¥ B; C A,.
Same as before, we can use this weak isomorphism and the “missing” relations to construct a hypothesis:
H={B,CA,ByCA,N3pA;},
which extends ¢ to a (7 U H)5-isomorphism. We now have TUH FCnD=1land T UHEDECC.

The final Point 3, when performing abduction using subtree isomorphisms, puts significance on obtaining the maximal
amount of knowledge that can be related between matching concept definitions. In other words, when performing abduc-
tion, we should not unnecessarily omit parts of definitions that already preserve the structure. This point addresses the
parsimony of the abduction process.

Naturally, hypotheses that contain more complex expressions are harder to interpret in comparison to those containing
simpler abductions. Moreover, for an abduction problem defined as in Definition 6, any arbitrary abduction up to the entire
descriptions of the matching concepts can be used to explain the non-entailment. To this end, we introduce a minimality
criteria which filters out hypotheses that contain unnecessary abductions of concepts and/or role restrictions.

To define minimal abductive solutions, we first impose a partial order on the isomorphisms.

Definition 13. Let T = (Vc, Ec, v, Ay, Ag, ) and Ty = (Vp, Ep, Wy, 4y, , Ag, ) be two description trees with T¢[Sc] €,
Te, TcISE1 S, T, TplSpl €, Tp, and Tp[S,1 C, Tp. If ¢ : Te[Scl = TplSpland ¢’ : Te[Sy] = TplSy], then ¢ < @' if:

IScl +1Spl 2 IS¢l + 1Syl (16)

Definition 13 partially orders weak isomorphisms between p-subtrees, such that, the minimal element of the partially
ordered set is the weak isomorphism obtained between largest p--subtrees. From this, we gain information on how much
the structure has changed in order to find isomorphic p--subtrees of description trees. The more changes to the structure,
the more complex restrictions are included in the hypotheses, making them more difficult to interpret. In cases where there
are more than one isomorphic mappings, the minimal one is preferred. As a result of the hypotheses being constructed
from weak isomorphisms, the partial order directly appoints minimal abductive solutions, that is, hypotheses.

Definition 14. Given an abduction problem (7, match(C, D)), with T, = (Vo Eq,vyp, /1],(7, A gc) and T, =
Yp, Ep, wp» Ay, A €n> which represent the description trees ‘of C and D, respectively, a solution H obtained from a weak
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isomorphism ¢ is considered minimal if there does not exist any H’, obtained from ¢’, such that ¢/ < ¢. We say that
H<Hifp<¢'.

We prioritize preserving the concept definitions, and, where necessary, find solutions obtained from minimal number
of contractions to induce subtrees. To illustrate minimal solutions consider the following example.

Example 3. Let 7 be a TBox and let C; and D be two concept descriptions defined w.r.t. the signature of 7, such that
T ¥C,nD=1and T ¥ match_(C,, D), where:

C,=AN3rA N3sA,,
D = B,n3r.B, N3s.B,.

The descriptions trees of the concepts C; and D are shown in Figure 1. We can construct more than one hypotheses to
explain this non-entailment. Let H; and H, be two hypotheses, such that:

H; ={A, E By,A, E B,A, C By},
H, = {A,N3r.A, T By 3rB,,A, C B,)

Both H, and H, explain the non-entailment and we have 7 UH, F C C Dand T UH, E C C D. However, H, is
constructed by performing unnecessary contractions in the description trees, and, consequently the concept definitions,
that only introduce more complex expressions to interpret in the hypothesis. In fact, we can go up to any arbitrary number
of contractions that induce subtrees and even construct a hypothesis H, = {A,n3r.A,N3s.A, E B,M3r.B,M3s.B,}, which
includes the complete definitions of the concepts C; and D. However, this explanation does not provide concise relations
that could be used to explain the non-entailment and update the terminological knowledge. Thus, we filter hypotheses
w.r.t. the minimality criteria in Definition 14.

Isomorphisms between p-subtrees allow for relating relevant concepts and role restrictions whilst preserving the struc-
ture of concept definitions. Furthermore, they do not restrict the process of abduction to a predetermined set of abducibles,
but they allow for any form of a complex expression to be abducted. The only limitation is w.r.t. the signature of a back-
ground knowledge for which we want to explain a certain non-entailment. Moreover, the introduced minimality criteria
filters hypotheses with arbitrary abductions and produces meaningful and concise explanations.

5.1  Computing Subtree Isomorphisms

One of the most fundamental computational problems on trees is the subtree isomorphism problem, which asks whether
a given tree is contained in another given tree. The subtree isomorphism problem has a few variants, which are mainly
dependent on whether the trees are rooted or unrooted, whether the degrees of nodes are bounded, and whether an order
on their nodes must be preserved. We accustom the subtree isomorphism problem for the special case of description trees
to solve abduction problems in ££, ontologies.

Definition 15. Let T, = (V}, &,vy, Ay, A¢ ) and T, = (V,, &, wy, 4y, , A¢,) be two description trees. A pc-subtree iso-
morphism is an isomorphism between a p--subtree T'[S;] = (5‘1,85[,\)0, Asps Aeg ) of T, and a p-subtree T,[S,] =
c : c
(85, Es,,wo, As,» Ag, ) of Ty, such that T\[S] = T,[S,].
2 2

To compute subtree isomorphisms between description trees and derive hypotheses to explain non-entailments of
semantic matching we partition the children of vertices in their respective trees w.r.t. the labels of edges connecting
parents to their children. We define an equivalence relation on the set of children for a vertex v in a description tree.

Theorem 2. Let ~ be a relation on a non-empty set of children, N(v), for a node v € V of a tree T = (V, &, vy, Ay, Ag),
such that for x,y € Nw), x ~ y iff (v,x) € &, (v,y) € € and A.({(v,x)) = Ag({v,y)). Then, ~ is an equivalence relation.

Proof. For ~ to be an equivalence relation we need to show that it is reflexive, symmetric, and transitive. Let T =
YV, E,vy, Ay, A¢) and v € V an arbitrary node.
Reflexive property: For x € N(v), we have that A.((v,x)) = A((v, x)).
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Symmetric property: For x,y € N(v), if Ao((v,x)) = A({(v,y)), then 1.((v,y)) = Ac({v, x)).
Transitive property: For x,y,z € N(), if 1,((v,x)) = A.((v,y)) and A.({(v,y)) = A£({v,z)), then A ({(v,x)) =

)'S((Vs Z))
Thus, ~ is an equivalence relation. O

An equivalence relation defines exclusive classes whose members bear the relation to each other and not to those in
other classes. The set of all equivalence classes is defined as:

N),. ={lxl | x € N(v)}, where [x] := {y € N() | x ~ y}, a7
is the equivalence class of x.

Theorem 3. Let ~ be an equivalence relation on a non-empty set of neighbors N(v), for a node v € V of a tree T =
(V, E,vy, Ay, Ag). The collection of equivalence classes under ~ forms a partition of N(v).

Proof. Let ~ be an equivalence relation on N(v) and let x € N(v).
(1) We need to show that N(v) = | J[x], where [x] is termed a cell (a subset of N(v)). If x € N(v), then x belongs to [x]

X
(by the reflexive property we have that x ~ x, therefore x € [x]). Since this is true for each element of N(v), we have that

N@) = JIx].

(2) We need to show that if [x] and [y] are any two cells, then either [x] = [y] or [x] N [y] = @ holds.

(2.1) Let ~ be an equivalence relation defined on N(v) with x,y € N(v) and let x € [y]. Then [x] = [y]. If x € [y] then
by definition of equivalence classes we have x ~ y. First we show that [x] C [y]. Let a € [x]. By definition of equivalence
classes, a ~ x, and by the transitive property we have that a ~ y. Therefore, a € [y] and [x] C [y]. Next, we show that
[y] € [x]. If b € [y], then b ~ y. By symmetry we have that y ~ x and by transitivity that » ~ x. Thus, b € [x] and
[y] C [x]. Thus we have that [x] = [y] if x € [y].

(2.2) Suppose [x] N [y] # @. Then, there must be some element a, such that a € [x] and a € [y]. Then, [a] = [x] and
[al = [y]. Thus, [x] = [y]. O

Once the children are partitioned, vertices that belong in an equivalence class in one tree can be mapped to vertices
that belong in an equivalence class in the other tree, such that the equivalence classes in the respective trees are obtained
flrlom Tal.ne edge labels. Let T} = (V, £,vg, Ay, A ) and T, = (V,, &, wy, Ay, , 4¢, ) be two description trees. We define
the relation:

uw,w) SNW), . XNW),., (18)
for nodes v € ¥V, and w € V,, such that:

M(Vs W) = {([X], [)’]> | X € N(V)sy € N(W)’ <V,)C> € 81’ <W’y> € 82 and /181((V’x>) = ig((“’,)’))} (19)

The relation u(v, w) pairs the equivalence classes that contain children of v and w which come from partitions with equal
edge labels. To illustrate this, consider the small description trees in Figure 3. The children of v, and w,, are partitioned
in three equivalence classes in their respective trees, that is, [v;] = {v;,v,}, [vs] = {v3}, and [v,] = {v,} in T}, and
w1 = {w;}, [wy] = {w,}, and [w;3] = {w3} in T,. The relation u(v,, wy) will contain all pairs, such that u(vy, wy) =
{1, w1, {[vs], [wa1), {[v4l, [ws]) } and will conveniently pair sets of nodes that when mapped will satisty condition 2
of Definition 8, that is, will preserve the edges and their labels in a mapping.

Finally, we map the partitioned nodes from the respective trees using the relation p(v, w). This is done for all vertices
that preserve the structure between the trees, whilst the vertices from partitions that cannot be mapped are contracted, thus
inducing a subtree.

To find all pairs of mapped nodes that preserve the structure, we compute injective maps between distinct subsets of the
equivalence classes in u(v,w).

1-1
Let A and B be arbitrary sets, such that |[A| < |B|. We define the injective function between A and Basi: A — B, such
that for a,b € A, i(a) # i(b) => a # b. We use the notation AZ for the set of all injections from A to B.

1-1
Proposition 4. Given two non-empty sets A and B, if there is an injective mapping i : A — B then |A| < |B|.
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Vo - {AO } paired equivalence classes in p(v, w) Wo - { BO }
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\/\

equivalence classes in T, equivalence classes in T,

paired equivalence classes in p(v, w)

paired equivalence classes in p(v, w)

Figure 3. Example Description Trees T (Left) and T, (Right), Partitions of the Children of the Roots in Equivalence Classes, and
Paired Equivalence Classes Between the Trees.

Proof. We prove this by using Dirichlet’s principle (a.k.a. the pigeonhole principle).

Consider a mapping i : A l|—>l B and let |A| = n and |B| = m. Then, n elements of A are paired with m elements of B.
If n > m, then at least one element of A must be paired with more than one element of B. Since an injective mapping is
a 1-1, that is, one element from A must be paired with only one element from B, then it follows that the cardinality of A
must be strictly smaller or equal to the cardinality of B, that is, |A| < |B]. O

1-1
Corollary 5. Given two non-empty sets A and B, if |A| < |B|, then we can construct an injective mapping i : A — B.

Proof. The proof is ones again done by using Dirichlet’s principle.
Consider |A| = n and |B| = m, such that n < m. By Dirichlet’s principle when we pair n elements of A with m

elements of B, such that n < m, we can pair each unique element of A with a unique element of B, that is, in a one-to-one

1-1
correspondence. Thus, we have constructed amap i : A — B, that is, injective. O

Going back to our equivalence classes in u(v, w), dependent on the cardinality of [x] and [y], we can either find the set
of all injections:

1. 2 for [[x]] < |[y1l, or
2. [y for [[x]] > |[y]l.

In any case, the injective mappings will be between subsets of [x] to [y] or vice versa and the mapped sets will have
equal cardinalities. To illustrate this, consider the following equivalence classes:

— [x] = {v;,v,,v3}, and

-l = {W1,W2}-

We can find injective mappings from [y] to [x], since |[y]| < |[x]|. Then, the set of all injective mappings is:

[Y]m = {{(Wl’vl)’ (W25 V2)}9 {(W17v1)7 (W25 V3)}’ {(W17v2)7 (W25 V])}’

{W1,v2), W, v) ), {wy, v3), Wy, v}, {(Wy, v3), (W, v) } ).

Since |[x]| > |[y]|, to construct injective mappings we map |[y]| nodes in [y] to |[y]| nodes in [x] in a 1-1 correspon-
dence. Thus, some elements in [x] will not be mapped to. These nodes will be contracted and will induce a subtree in their
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vo:{Ag} wo: {Bg}

r/rs\p r r S
¥ N> v O\
vit{AL ] (vai{Ay} | vai{Ag} | (vai{A4} wii{Br}h ] w2i{By} | w3i{Bs}

Figure 4. Example Description Trees T, (Left) and T, (Right).

respective tree. Since we omit some nodes in [x], because there are no unique elements from [y] to map them to in a 1-1
correspondence, essentially the search for injective mappings is brought down between [y] and a subset of [x] that is of
size |[y]|. Because isomorphisms preserve the trees’ structures, the number of nodes is also preserved up to isomorphism,
and if we have equivalence classes with different sizes, we need to induce a subtree in the tree that has a surplus of nodes.
This will identify and filter nodes that cannot preserve the structure of the trees because the trees are of different sizes
or there exist nodes that are endpoints of edges with different labels. Each injective mapping represents one abductive
solution and consequently to obtain all abductive solutions all injective mappings are obtained.

Proposition 6. Let A and B be arbitrary sets, such that |A| = |B|, and let f : A — B be an injection. Then, f is also a
bijection.

Proof. For f to be a bijection, f needs to be injective and surjective.

Let A and B be arbitrary sets, such that |A| = n, |B| = m,and n = m, f : A — B is already injective. By definition, a
function is injective such that for a,a’ € A, if a # d’, then f(a) # f(a’). Thus, we have that n = m and n elements in A that
are paired with m elements in B, such that for each element in A there is a unique element in B.

By definition a function s : X — Y is said to be surjective if Vy € ¥, 3x € X, s.t. s(x) = y. Since f is injective, it holds
that Va € A,3b € B, f(a) = b. Thus, f is also surjective.

Since f is injective and surjective, then f is also bijective. O

Since the subsets of [x] have cardinality |[y]|, as a consequence of Proposition 6 the obtained injective mappings are
also bijective in nature. Since we are obtaining bijective mappings, the order between the pairs of mapped nodes does
not matter. Hence, we denote the set of all injective (also bijective) mappings between equivalence classes by [x12, with
which we obtain all combinations of mappings between nodes that preserve the structure of the trees.

For each pair of equivalence classes obtained from the equivalence relation, we find the set of all injective maps, such
that:

1, w) = {2 | ([x], []) € p(v, w)) (20)

Each set of injections is unique to the respective pair of equivalence classes. To obtain all combinations of mapped vertices
that produce isomorphisms, we search for the Cartesian product between the distinct sets of injections:

Me.wy = {JSu 18, T 0 @D

i€l(v,w)

To illustrate how we find equivalence classes and how we generate the sets (v, w) and M(v, w) we construct a small
example:

Example 4. Consider the description trees in Figure 4.
We start from the roots of 7} and 7, and find N(v,) and N(w,), which are:

= N(vp) = {vi,v5,v3, 04},
— N(wg) = {w,wy, w3 }.
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Next, we partition N(v,) and N(w,) w.r.t. Eq. 17 and get:

- N(Vo)/~ = {[V1]» [V3]» [V4]}»
= Nwg) /o = {lw;], w3},

where [v] = {v|, v, }, [v3] = {v3}, [va] = {vs}, [w;] = {w;,w,}, and [wz] = {w;}. We can already see from the trees in
Figure 4 how the edge labels constrain the structure of the trees. For example, the node v, in T} cannot be mapped to any
node in T, because it is connected by an edge that is labeled with p in T, and there does not exist an edge with the same
label in 7. Hence, this part of the structure cannot be preserved and we need to prune it and construct an induced subtree
of T.

From here, we obtain u(vy, w,) w.r.t. Eq. 19 and get:

- #(V07 WO) = {<[vl]7 [W1]>9 <[V3]’ [W3]>}7

in which we can see that the partition w.r.t. the label p in T is not included, since it cannot preserve the structure between
the trees. Now we can find the set of all mappings. From pu(v,, w,) we know that we need to find [vl][w‘] and [v 3][W3]

s ][L_ {viwi), (va, wo) b (v, wa), (va, W) 1}, and
— vl = (s wd) ),

which are included in I(vy, wy):

— 1(vg, wo) = {{{{vi,wp), (v, wad 1, {{vi, wa), (va, wid 1}, {{{v3, w3) 1) )

We can see in /(vy, w,) all combinations of injective (also bijective) mappings for the respective equivalence classes. To
also find all combinations of isomorphic mappings between all equivalence classes, we formulate M(v,, w,) w.r.t. Eq. 21
and get:

= M(vy, wp) = {US |S; el V1][W'] X [vy [Ws]} {{w)s (vawy), (e, wad b v wa ), (Ve wy ), (s wa) }

M(vy, wy) contains the bijective mappings between the children of v, in 7, and the children of w, in T,. Each mapping
is obtained by first partitioning the children of v, and w, w.r.t. the edge labels in their trees. The approach for generating
M(vy, wy) ensures that the sets of mapped children are obtained from sets with corresponding edge labels. Further, this is
done iteratively for all nodes that are mapped thus far and the result will yield all subtree isomorphisms between trees that
have larger depths.

Notice that M(v, w) could scale by a very large factor, which is dependent on the sizes of the equivalence classes. For
some [x] and [y], for which we want to find [x]12!, we have that I[x]ﬂl = % This is a direct consequence of how the
matching concepts are defined for the abduction problem. Because the equivalence classes are obtained by partitioning the
nodes w.r.t. the edge labels, large sizes of equivalence classes can occur when there is a repetition of edge labels, that is,
we have a high number of repetitive roles in the matching concepts. Thus, a rich terminological knowledge that introduces
a variety of roles that can be used in the definitions of concepts will improve the scalability of our method. Furthermore,
our approach could be optimized to include not only concept, but also role inclusions, by taking the role hierarchy of the
background knowledge into perspective. This could present the option for equivalence classes to be combined or separated
and could potentially enhance the method’s performance.

To obtain isomorphic mappings, we construct a Solutions Tree.

Definition 16. A Solutions Tree is a node-labeled rooted tree Ty, = (Vg g, ¢y, 4¢) that contains mapped nodes between
two description trees Ty = (Vy, €, vy, Ay, A¢ ) and T, = (V,, &5, wy, Ay, , A¢,). The Solutions Tree contains nodes ¢ € Vy,
such that:

Aop(@) S {(v.w) [veEV,weDV,} (22)

Each unique path from the root to a leaf node in the solutions tree contains a unique subtree isomorphism between 7, and
T,. The isomorphisms are returned from the set of complete paths in the solutions tree. If the Solutions Tree contains only
its root, ¢, then we refer to it as the trivial solution.
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The solutions tree is a rooted tree, which contains mapped nodes between two p-subtrees. Each unique complete path
in the solutions tree provides a unique combination of mapped nodes between isomorphic p--subtrees of some description
trees. We inductively define the sets Vg, and & and the node labels of the solutions tree.

Bl ¢y € Ty, Ap = (g = {{vp, wp)}}

R1if ¢ € V,, then forall m € H M, w), ¢* € Vg, and (¢, ¢p*) € & where Ag,(¢d*) = m.
(vw)EAe ()

R2 Nothing else is in Vg, and &g. (23)

The set of all isomorphic mappings @ is then obtained from the set of all complete paths IT° in the solutions tree Ty, as
follows:

©={J W@ |ren’ (24)

¢en

Claim 1. For all ¢ € @, the following proposition P(¢) is true: there exist pc-subtrees T;[S,] €, T} and T,[S,] C, T,
where S; C, V), and S, C, V, such that ¢ is a weak isomorphism, between 7', [S;] and 7,[S,]

Proof. We prove this by structural induction on the induced p.-subtrees T'[S;] and T5[S,].

Let Ty = (Vy, €, vg, Ay, Ag,) and T, = (V,, £, w, Ay, , A¢,) be two description trees.

Basis: The solutions tree Tg, = (Vg, g, Do 4> Where Vg, = {Py}, Ep = 0, Ag, = {dpg — {{vy, W)} ]}, contains only
its root node ¢,. Then, the set of all complete paths in the solutions tree is [1° = {{¢,)}, from which we get a mapping
Py = {(vg, wy)} € @, such that ¢p;(vy) = w,. Thus, there exist p-subtrees:

T,[S5]1=(S, = {Vo}ag[sl] =0, Vo’ﬂ[s,]’ﬂqs]])a and
T,[S,1=(S, = {wo},é‘[szl =0, wy, /1[52], /lg[szj) 25)

which are induced by subsets S; = {v,} for T} and S, = {w,} for T,. Since the induced p-subtrees contain only the
roots, which are mapped, by definition ¢y, is a weak isomorphism. Thus, P(¢,) is true.

Induction: First, we show that P(¢) is true, such that ¢ = ¢, U m, for all m € M (v, w,). To show this, we need to
follow the formulation of m € M(v,, w,). We have two cases:

1. If we do not extend the induced p-subtrees T[S;] and T,[S,], then they contain only the roots and their sets N(vy)
and N(w,)) are empty. Hence, we do not have any children of v, and w, to partition, and we have for all m € M (v, wy),m =
@. Thus, ¢ = ¢, which from the base case, P(¢p) = P(¢,) is true.

2. If we extend the p.-subtrees T[S, ] and 7,[S,], such that:

TS 1=({votu v |1 <i<n}, {{(vpv) | 1 i< "}’Voﬂls,’ﬁgw)a

T[S,] =({wol U{w; | 1 <i<m}, {{wy,w;) |1 <i < m},wo,/lsz,/lglszj),

then we have nodes in N(v,) and N(w,) that we can partition w.r.t. the edge labels. We can obtain M (v, w) from p(vy, wy)
and I(v,, w,). For each m € M(v,, w,), m # @, and for each (x,y) € m, we have Agl((vo,x)) = igz((wo,y)) in the original
trees. Hence, all vertices x € ¥, and y € V,, for which /15] {(vp-x)) # Agz((wo,y)), are omitted from each m € M(vy, wy),
we have new p-subtrees that are induced from those vertices, that is, 7 [S;] and T;,[S,] for S} €V and S, C V;:

TS 1=(S =l Uy | 1 i<k} &g ={{vpv) 1 i < k},vO,A[SI],ig[le), and
LIS =(S, ={wt U{w; | 1 i<k}, &)= {{wo,wy) [1 <0 < k}’WoJ[sz]»ls[szl)» (26)

From Proposition 6 it follows that each m € M(v,, wy) is a bijective mapping m : S; \ {vy} = S, \ {w,}, where
forallx € S; \ {vo} andy € S, \ {w,} such that m(x) = y, we have ﬂglsll((vo,x)) = Aglszl((wo,y)) in the p-subtrees,
and Ag ({vo, x)) = 4¢,({w,)) in the original trees (condition 2 of Definition 8 for weak isomorphisms is satisfied). Since
each m € M(v,, w,) contains mapped children of v, and w,, and is a bijective mapping between the subsets S; \ {v,} and
S, \ {wy}, mis an extension of ¢, and we have ¢ = p,Um : S| = S, for each m € M(vy, w,), and forallv € S;,w € S,,
¢(v) = w and it includes the mapped roots, that is, ¢(v,) = (w,) (condition 1 of Definition 8 for weak isomorphisms is
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satisfied). Thus, we have that there exist some pc-subtrees, for which ¢ is a weak isomorphisms between them, that is,
P(¢) is true.

To show that this holds for all nodes and not only the roots and one level below, we need to show that if P(¢) is true and
m € M(V',w") for some (V',w') € ¢, then P(¢p U m) is also true. To do this, we need to once again follow the formulation
of m € M(V',w'). Because P(¢) is true, we have some p-subtrees 7[S;] and 7,[S,] which are weakly isomorphic, in
which V' and w' are leaves. Similarly, we now extend these p.-subtrees with the children of V' in T, and the children of w’
in T,. We once again have two cases:

LIfN(V) =@ and N(w') = @, then v/ and w' are leaf nodes in the p_-subtrees 7' [S,] and T,[S,] and in their respective
trees T, and T,. Hence, we do not have any children of v/ and w’ to partition, for all m € M/, w'),m = @. Thus, by the
inductive hypothesis we have that P(¢p U m) is true.

2. If we extend the p-subtrees T)[S;] and T,[S,], such that:

T[S =(S] =S Uy |1 <i<n)Eg) =) UL 0) 11 <ndve, Aigy A ), and

IS} = (S5 =S, U {w, | 1 <i <m), &g = &gy VLW, w) 11 i <m)wo, Ay A, ) 27)

then we have nodes in N(v') and N(w') that we can partition w.r.t. the edge labels. We obtain M/, w') from u(v/, w") and
I(V',w") and for each m € M(V',w"),m # @. For each (x,y) € m we have that e, O',x) = Ae, (W', y). Hence, all vertices
x € V; and y € V,, for which A, (V/,x) # A (W', y) are omitted from each m, we now have p-subtrees T} [S}] and T,[S)]
induced from those vertices for S| €V} and S’ C V,:

TS| =(S] =S, U v |1 i<k}, &gy = Es) U LM, 0) 11 i < k), Aigrps Ag,, ), and
1
TLIS;1 = (Sy =S, U {w; | 1 <i <k} &g = Eg U LW w,) [1 i < Kk}wo, Aigyps A, ) (28)
- 2

From Proposition 6 it follows that each m € M(V',w’) is a bijective mapping m : §' \ §; = S, \ S,, where for all
X € S’l \S,andy € S; \ S5, such that m(x) = y, we have Ag[sll(v’,x) = AS[S,](W’,y) in the pc-subtrees and A, O,x) =
ﬂgz(w’ ,¥) in the original trees (condition 2 of Definition 8 for welrak isomorphizsms is satisfied). Since each m € M/, w")
contains mapped children of v/ and w’ and is a bijective mapping between the subsets S’1 \ S| and S’2 \ S,, m is an extension
of ¢, and we have that ¢ U m : S’l - S; for each m € M(V',w'). Hence the union of bijections with disjoint domains
and codomains is also a bijection, for all v € S’l and w € S;, (¢ U m)(v) = w and by induction it includes the mapped
roots of the p-subtrees, (¢ U m)(vy) = w (condition 1 of Definition 8 is satisfied). Thus, we have that there exist some
pc-subtrees, T, [S’l] and 7, [S;] for which ¢ U m is a weak isomorphism between them, that is, P(¢p U m) is true. O

For two given pc-subtrees 7'[S;] = (S}, €5 1. Vo, As, » ﬂglsl]> and T,[S,] = (S5, €51, W, As, » AS[SZ]), the hypotheses are
then formulated from the set of all isomorphic mappings @ in the following way: for both trees find the vertices that have
been contracted and update the vertex labels w.r.t. Definition 12. For example, for a given label of an arbitrary node x in a
pc-subtree T[S] = (S, Els1:Vos Ars) /18[3]), the new label of x is:

A?S](X) = I_I A[s](x) l I_I Elﬂg((X,y)),CT(y), (29)
x€S (xy)EEyeES

Finally, for some p-subtree isomorphisms in ®, the hypothesis H is constructed as follows:

H = {4t (DAL (0) | (v, W) € b, b € D}, (30)

where v € S; and w € S,.

6 Implementation and Working Example

In this section we present the implementation of our method for explaining non-entailments of semantic matching in £L£ |,
described in Section 5. We illustrate the implementation using a working example and present results from simulated
scenarios and experiments on realistic ontologies.
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6.1 Implementation

The algorithm is implemented in Java using the OWL API (Horridge & Bechhofer, 2011). The classification and entailment
checking is performed by the Pellet reasoner (Sirin et al., 2007).

The input to the algorithm is a non-entailment of a certain semantic match. More specifically, the algorithm receives
some background knowledge (7), matching concept descriptions (C and D), and a type of a match (exact (=), plugin (T),
or subsume J), which is an abduction problem of the form defined in Definition 6. The proposed method is implemented
in four main steps:

Step 1. Read input parameters for the abduction problem (background knowledge 7, concept descriptions C and D, and
type of match []).

Step 2. Get the description trees T and T, for the inputted concept descriptions C and D w.r.t. Definition 7.

Step 3. Compute the set @ of p-subtree isomorphisms between T and T}, obtained in Step 2 w.r.t. the proposed
methodology in Section 5.

Step 4. Construct the set of hypotheses explaining the non-entailed semantic match w.r.t. Eq. (30) from the set @
obtained in Step 3.

We will now present the implementation for Steps 2-4 of our method.

6.1.0.1 Step 2. In this step the respective description trees of the inputted concept descriptions are obtained. To do
this, we first impose a standardization on inputted concept definitions.

Definition 17. Let T be an é' L, TBox and let C be a concept description defined w.r.t. the signature of 7. Then, C is

standardized if C = |_| AN (|_|(Elr C)) and for all C;,0 < i <min C, C; is standardized.
=0 =0

The approach to translate a concept description into a description tree starts with splitting the expression into two parts:
the conjunction of atomic concepts, and conjunction of role restrictions. Further, a node is created and the set of concept
conjuncts are added as a label of that node. Next, it is iterated over each role restriction and the children of the current
node are constructed. Each edge is labeled w.r.t. the role names. Following this, the concepts restricted by the roles are
added next in queue and the same is done for them. This follows the inductive definition of description trees presented in
Section 5. Each concept description is written in OWL Manchester Syntax.

6.1.0.2 Step 3. This step contains the main algorithm for computing subtree isomorphisms between description
trees. It is the main implementation of our methodology. Here are the steps of the algorithm for computing p-subtree
isomorphisms between description trees:

Step 3.1 Read inputted description trees of concepts.

Step 3.2 Initialize the set of p-subtree isomorphisms @.

Step 3.3 Initialize the solutions tree and its root by mapping the roots of the description trees.

Step 3.4 Add the root node of the solutions tree to the queue.

Step 3.5 Obtain the next node from the solutions tree in the queue.

Step 3.6 For each pair of mapped vertices in the current node find all children in the respective description trees and
partition them w.r.t. the equivalence relation in Theorem 2.

Step 3.7 Construct the relation u(v, w) using Eq. (19) for the pair of vertices v and w.

Step 3.8 Construct I(v, w) using Eq. (20).

Step 3.9 Construct and save M(v, w) for the current pair of vertices using Eq. (21).

Step 3.10 If there are no more pairs of vertices to evaluate go to the next step, otherwise go to Step 3.6.

Step 3.11 For each M(v, w) find all combinations of mapped vertices and construct a new node in the solutions tree and
add an edge between the current node and the newly constructed node.

Step 3.12 If the queue is empty continue, otherwise go to Step 3.5.

Step 3.13 Find all complete paths in the solutions tree and construct ®@ using Eq. (24).
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Vo : { Scan } Wo : { Scan } do: {4 (Vo Wo) }
performs uses produces performs uses produces l
e A4 ~a £« A4 ™~
vy : { X-RayC.T. } vy ¢ { X-RayTube } vz : { X-Ray } wy : { Imaging } | | w,: { Part} w3 : { IonizingRadiation } G0 L (VLWL ) (Vo, Wy ), (V3 W3 )}
involves
v4 : { Rotation }

Figure 5. A Solutions Tree Containing the Subtree Isomorphism Between the Concepts CTScan and X-RayScan.

To illustrate how we compute p-subtree isomorphisms between descriptions trees and construct the solutions tree,
consider the following example TBox related to medical imaging techniques:

T = {Jproduces.RadioWave M Iproduces.SoundWave C 1, SoundWave M RadioWave C 1,
RadioWave C Non-IonizingRadiation, IonizingRadiation N Non-IonizingRadiation C 1}, (€2))]

with signature £, = (N, N3 ), where:

N, = {Imaging, Magnet, Material, RadioWave, X-Ray, X-RayComputedTomography, IonizingRadiation,
Non-IonizingRadiation, X-RayTube, Rotation, Part}

Nz = {uses, performs, produces, involves }
Let CTScan, and X-RayScan be two concepts defined w.r.t the signature X, such that:

CTScan = Scan n Jperforms.X-RayComputedTomography
M Juses.(X-RayTube M Jinvolves.Rotation) M produces.X-Ray, (32)
X-RayScan = Scan M Jdperforms.Imaging r Juses.Part 1 Iproduces.lonizingRadiation. (33)

In this working example we have an abduction problem (7", match-(CTScan, X-RayScan)). It can be easily verified that
T ¥ CTScan N X-RayScan = 1 and 7 ¥ CTScan C X-RayScan.

The description trees of the concepts CTScan and X-RayScan, as well as the solutions tree are shown in Figure 5.

By definition, the roots of description trees need to be mapped in order to obtain an isomorphism. Thus, we construct
the root of the solutions tree carrying the mapping (v,, w,) and denote the root of the solutions tree as ¢,. Next, the
children of the roots v, and wy, are partitioned w.r.t. the edge labels, from which we get:

- N(V())/~ = {[v1]9 [Vz], [V3]}, and
- N(Wo)/N = {[Wl]’ [Wz], [W3]}‘

This partitioning is done according to the equivalence relation defined in Theorem 2. In the example, the equivalence
classes contain the following vertices in 7:

- [V1] = {V1}»[V2] = {Vz},[V3] = {V3},
and in 7:
- [W1] = {Wl}a[WQ] = {Wz}a[W3] = {W3}-

Further, the relation from Eq. (19) is defined for v, and w,, using the sets of partitions N(v,) J~ and N(w,) Joo> from which
we get:
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- ﬂ(Vo’Wo) = {<[V1], [Wl]>7 <[V2], [W2]7 <[V3]7 [W3]>}

The relation u(vy, w,) pairs the corresponding equivalence classes of the children of v, and w,. An equivalence class
obtained from a specific edge label in one tree is paired with an equivalence class obtained from an equal edge label in the
other tree. Then, the relation u(v,, wy) is used to map the corresponding equivalence classes.

We are interested in all isomorphic mappings. Thus, to find all subtree isomorphism, we need to search for injective
maps between pairs of equivalence classes (Eq. (20)). For the example, the set of injective mappings between equivalence
classes is:

— I(vg, wp) = {{{(vi, W}, {{ve, wp) }, {{v5, w3) 1},

Finally, all unique combinations of injections are taken using Eq. (21):

- M(VO»WO) = {{<V1’W1>’ <v2’W2>s <V3’W3>}}'

A new node ¢, in the solutions tree is created that carries the mapped nodes from M(vy, w), such that 1), (¢,) =
{(vi, w1), (vo, wy), (v3,ws) }. If there were more than one set of mapped vertices between the trees, then for each set a new
node is constructed and added in the solutions tree. To complete this iteration, the node ¢, from the solutions tree is added
next in the queue. The algorithm goes over each pair of mapped vertices from the queued solutions tree node and performs
the same steps. This procedure ensures that in each step only vertices that preserve the structure between the description
trees will be mapped, while the ones that do not preserve the structure will not be mapped to any vertices and will induce
a subtree in their respective description tree.

In the next step the mapped vertices in the pairs (v, w;), (v,, w,), and (v, w;) are to be evaluated. As before, their
children are partitioned and we get:

- Ny, ={}and N(wy),. = {},
— N(v,),. = {[v4]} and N(w,),. = {}, and
= N(v3),. = {} and N(wy3),. = {},

from which the mapping relations are formulated w.r.t. Eq. (19):

— v wp) = {},
- ﬂ(Vz,W2)= {}’
= u(v3,wy) = {}.

We can see that in this iteration there exist no nodes from either description tree that could be mapped in order to obtain
an isomorphism. All nodes that could not be mapped in this iteration, because they are tails of edges that do not have
corresponding labels and mapping them would not provide an isomorphism, are omitted from the final abductive solution.
Thus, the method stops this iteration and goes onto the next. Since no new nodes are added in the queue to be evaluated,
the method returns the solutions tree with all possible p-subtree isomorphisms found in each unique path from the root
to leaves in the tree.

From the solutions tree on Figure 5 we can see that the set of all complete paths is I1° = {(¢,, ¢,)}. In this case, we
only have one p--subtree isomorphism. In cases where there are more than one solution, we run a simple breadth-first
search (BFS) to obtain the set of all complete paths in the solutions tree. From there, we construct the set of all weak
pc-subtree isomorphisms, ®, which for our running example:

— @ = {{{vg, wp)s (v, W1), (Vas Wa), (v3, w3) } ],

where @ contains the weak subtree isomorphism between the description trees Trgcy, and T gayscan-

The isomorphisms are built from top to bottom and the equivalence relation that partitions the nodes w.r.t. the edge
labels, as well as the relation u(v, w) that partitions the equivalence classes w.r.t. the corresponding edge labels in both trees,
adhere to the definition of weak isomorphisms and do not allow for mapping of vertices that do not preserve the structure
between description trees. Moreover, those edges and vertices that do not preserve the structure between the description
trees, and consequently between the descriptions of the matching concepts, are omitted from the final set of mapped ver-
tices, thus inducing subtrees of their respective trees. The complete algorithm for computing weak isomorphisms between
pc-subtrees of description trees is shown in Algorithm 1.
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Algorithm 1. subtreelsomorphisms(7, Tp)

@ ={}

Vo < {0: [{vg, wo)l}
Ep < {}

queue « [0]

i<1

while |queue| # 0 do
n < queue.poll()
uniqueMappings « []
for all (v, w) € Vyln] do
currentMappingsEQC « getMappingsOfEquivalenceClasses(v,w, T, Tp)
uniqueMappings.add(currentMappingsEQC)
end for
for all x € getCartesianProduct(uniqueMappings) do
¢, < 11
for ally € x do
if |y| = O then
continue
end if
¢,.addAll(y)
end for
if [¢,| = 0 then
continue
end if
Vo-put(i, ¢,)
Ep-add((n,i))
queue.add(i)
i—i+1
end for
end while
je 1
for all # € allCompletePaths(Vy, £g) do
¢ <1l
for all node € = do
for all (v, w) € Vyl[node] do
¢.add({v,w))
end for
end for
D.put(j, @)
jej+1
end for
return @

6.1.0.3 Step 4. The final step of the main code takes as an input a set of weak p-subtree isomorphisms between
description trees. It then iterates over all weak p.-subtree isomorphisms, and for each one it construct the missing
relation between concepts and/or role restrictions w.r.t. Eq. (30), thus extending the set of weak isomorphisms to 7 U H-
isomorphisms w.r.t. Definitions 9 and 12. This is done for each obtained weak p-subtree isomorphism between the
description trees. The steps of this algorithm are as follows:

Step 4.1 Read the set of weak p-subtree isomorphisms, ®.
Step 4.2 For each ¢ € @, update the labels of vertices using Eq. (29).
Step 4.3 Construct the hypothesis for each ¢ w.r.t. Definitions 9 and 12.
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The algorithm for constructing the hypotheses from a set of weak p-subtree isomorphisms is shown in Algorithm 4
Appendix 9.3. The algorithm traverses over each weak p-subtree isomorphism and constructs the hypothesis as in Eq.
(30). All vertices that are not included in the isomorphic mappings, because they do not satisfy the conditions for a weak
isomorphism, induce p.-subtrees of their respective description trees. The labels of the vertices that are included in the
weak p-subtree isomorphism are then updated with the role restrictions of the concepts in the labels of vertices that were
omitted from the weak p-subtree isomorphism, according to Definition 12.

In our working example, we have one isomorphism, @ = {(v, wy), (v;, w;), (v5, W,), (v3, w3) }, from which we obtain
the hypothesis:

— H = {X-RayC.T. C Imaging, X-RayTube  Jinvolves.Rotation C Part, X-Ray C IonizingRadiation},

In natural language this hypothesis states that "X-Ray computed tomography is a type of imaging.”, ”X-Ray tube that
rotates is a part.” and "X-Ray is a type of ionizing radiation.”. In reality, an X-Ray computed tomography is a type of
an X-Ray scan, because it is based on the same technique. In fact, an X-Ray computed tomography is a specific type of
an X-Ray scan. The hypothesis clearly states what is missing from our background knowledge in order for the concepts
X-RayC.T. and X-RayScan to be in a plugin match.

6.2 Experiments

Since there is no standardized benchmark for ££ and £L£, abduction, we performed three types of experiments: (i)
synthetic experiments for which we constructed our benchmark for generating random description trees with arbitrary
concepts and performed abduction using our method, with the goal of stressing its computational capabilities, (ii) exper-
iments on realistic ontologies in which we choose arbitrary concept definitions, match them, and explain the outcome of
those matches (the concepts in this case may not necessarily be connected in the background knowledge), and (iii) experi-
ments on realistic ontologies in which we explicitly pick concept definitions that are already matched w.r.t. the background
knowledge, to test the method’s runtime capabilities in the classical use-case, that is, a use-case in which we are certain
that two concepts should, in fact, be in a positive match?. The experiments were performed on realistic ontologies from the
bio-medical domain. All experiments were conducted on a 64-bit operating system running on Windows 10, CPU Intel(R)
Core(TM) 15-7400 CPU @ 3.00 GHz, RAM 8.00 GB.

6.2.0.1 Simulations.. For the synthetic experiments, concept descriptions were randomly generated with different num-
ber of concepts and roles, with allowed repetition of role restrictions on various concepts. This way we also cover extreme
cases in which concepts are restricted by the same role multiple times, possibly leading to a large number of abductive
solutions. In each simulation two random numbers were taken from a uniform distribution in a provided interval. We
constructed three scenarios each with an interval of: 1) [1, 10], 2) [11,20], and 3) [21, 30]. For each scenario, in each
simulation, a number from the provided interval was picked that represents the number of concepts in the current descrip-
tion (c) and a second number from the interval [1, 10] was picked to represent the maximal number of roles the concept
description is allowed to have (r). Next, a loop was designed to restrict ¢ number of concepts each with a 50% chance to
be restricted by a role. The role was picked randomly from a uniform distribution of a set of roles with cardinality r, that
is, a maximal number of roles that were allowed for that concept. For example in scenario 1) there could be anywhere
from 1 to 10 concepts in the description and 1 to 10 possible roles to pick from and restrict that concept, each role given
an equal chance to be picked. This provides the equal possibility for concepts to be restricted by the same role/s multiple
times, so that the scalability of the method can be tested. If sequential iterations happen to restrict concepts, then nested
expressions were formulated. Provided that a concept was picked not to be further restricted by a role, the concept in the
following iteration would represent once again a top level conjunct in the description.

We then obtained the description trees for the randomly generated concept descriptions and performed abduction using
our method. We report on the above mentioned three scenarios. For each scenario we ran 250 simulations with the given
parameters. The non-entailment of interest was designed as 7 i match(C, D), where C and D are the randomly generated
concept descriptions. For each solution we constructed a new ontology, such that 7 = @ in which we added the atomic
concepts and roles and the matching concept definitions from those trees, thus generating a signature for the TBox and
a non-entailment to explain. We then added the hypotheses to each distinct ontology and checked whether 7 U H F
match(C, D), that is, whether the non-entailment has been explained by the certain hypothesis.

Because our methodology focuses on finding abductive solutions that contain direct relations between concept descrip-
tions and does not use information in the background knowledge to find connecting concepts, we opted to go for initially
empty TBoxes in the synthetic experiments. In real scenarios, concepts can have multiple definitions in the background
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Table 1. Results From the Synthetic Experiments.

mean | median | max

W1l V1] #H IH| t[s] TUHEn[%]
I 6.03]6.0]10 596010 471]1.0] 1680 1.77 2.0 7.0 0.002 0.0 1.156 100.00
2 15.55] 16.0 | 20 15.47 | 16.0 | 20 10.34 2.0 7776 32230120 0.007 | 0.0 | 4.803 100.00
3 25.49]26.0 | 30 25.51126.0 | 30 37.41]2.0] 10368 45640170 0.04 | 0.001 | 11.565 100.00
#H vs. t[s]
124
—— Scenario 1

Scenario 2

101 — scenario 3

t[s]

0.0 0.2 0.4 0.6 0.8 1.0
#H

Figure 6. Simulation Results: (Standardized) Number of Hypotheses (#H) vs Time (t[s]) for Scenarios 1), 2), and 3).

knowledge. For example, for some terminological knowledge 7, if we have a non-entailment 7 ¥ A C 3r.B we would
obtain an abductive solution that contains A C 3r.B. However, if the TBox contains information such that 7 E A = 3r.D,
then the outcome of the abduction could be different. If we take into account that the definition on the left-hand side
expression, A can be extended to 3r.D, we would then get a non-entailment of the form 7 ¥ 3r.D C 3r.B, for which the
abductive process will yield D C B, provided that the TBox does not already contain abducted information.

If we find that there are more than one definition of a matching concept, then we can perform our abduction process
(activate our method) for all (or a chosen subset of) definitions w.r.t. the matching concepts. For example, if we have the
non-entailment 7 ¥ A C 3r.B and the concept A has two definitions in 7,A = 3r.D and A = Cn3r.E, then we can perform
abduction on 3r.D C 3r.B and C 1 3r.E C 3r.B. In addition, if the concept A is subsumed by multiple descriptions in the
background knowledge, we can construct a new definition of the concept A as a conjunction of all descriptions. The latter
was done in the experiments on real-world ontology datasets.

6.2.0.2 Results. We measured the mean, median, and maximal values of the cardinalities of vertex sets (| V, |, | V,]), the
number of solutions (hypotheses) for the given abduction problem (#H), the size of the solutions (|H|), the time needed
to compute the subtree isomorphisms and checked whether the generated hypotheses explain the non-entailments. The
simulations and results are shown in Table 1.

Figure 6 represents the times needed to compute all solutions that an abduction problem has. On the x-axis, standardized
values for the number of solutions (hypotheses - #H) for each abduction problem are shown, and on the y-axis, the
time (in seconds) needed to compute all solutions is shown. The results demonstrate that the method can practically and
correctly compute hypotheses to explain ££ and ££, non-entailments. For smaller concept descriptions in the first and
second scenario, that produce smaller trees, the method computes hypotheses for the given abduction problem almost
instantaneously. Even for larger concept descriptions that produce larger trees Scenario 3) with maximum of 30 vertices
the method is quite versatile. On Figure 7 we present each of the scenarios and the actual number of solutions for the
abduction problems and the times needed to compute those.

We can see that there is some deviation in the results that show distinct cases where the method needs more time to
compute subtree isomorphisms, which is due to the frequency of repetitive (identical) edge labels in description trees. It
can be also noticed that for all three scenarios the median of the number of solutions is nearly a constant value, whereas
the mean fluctuates. This points to the fact that no matter how many concepts are included in descriptions, and therefore
in their respective trees, most abduction problems have only one or two solutions and very few abduction problems have
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Figure 7. Simulation Results: (Actual) Number of Hypotheses (#H) vs Time (t[s]) for Scenarios 1), 2), and 3).

a large number of solutions. Once again, this is due to the frequency of repetitive edge labels in the description trees. For
example, if we have description trees with edges labeled with a unique role, then by the definition for description tree
isomorphisms there exist many different combinations of concepts that could potentially be connected. On the other hand,
if the description trees contain distinct roles as edge labels, then by the definition for description tree isomorphisms there
would be fewer concepts that could potentially be connected.

For the concept definitions, this relies on how rich the background knowledge is, that is, how many distinct roles could
be used when modeling concept descriptions, and how diversely the concept descriptions are modeled. If we have a rich
background knowledge and diversely modeled concept descriptions, that is, distinct roles are used to represent restrictions
of certain concepts, then no matter how many concepts are in the descriptions, there will be fewer concepts to potentially
connect. On the other hand, if the background knowledge is not as rich and does not offer the possibility to use distinct roles
to create more expressive concept descriptions, then there will be many repetitive roles (edge labels) in the description
trees, and, thus, a lot more concepts that could potentially be connected.

Additionally, we obtained the average branching factors of the description trees and the sets of edge labels of description
trees, which we define as X,(E) = {Ag(e) | e € £}. We then calculated the ratio between the average branching factors
and the Jaccard index of the sets of edge labels defined as:

IZ(E) N ZR(E)
JEREDZR(E) = =5 7 "
(Zr(€1), ZR(&y) |ZR(E) U ZR(E) Y

This was done with the purpose of observing how the structure of description trees and the number of overlapping edge
labels influence the number of solutions of the abduction problems.

Figure 8 presents the correlation between the Jaccard indices of the sets of edge labels of descriptions trees and the
number of solutions for the abduction problems in those cases. Essentially, if there is a higher similarity of edge labels in
description trees, then the nodes will be partitioned in fewer equivalence classes, but with larger cardinalities, that is, the
equivalence classes may contain a large number of nodes that can be potentially mapped in various combinations. Since
each unique combination of mapped nodes is part of a distinct subtree isomorphism, this will directly affect the number
of abductive solutions. However, not all cases behave in this way.

For example, scenarios 2) and 3) have different values for the Jaccard indices for which the number of solutions peak.
In the second scenario, we can observe that the highest number of solutions for abduction problems occur for a similarity
of around 0.8 between the sets of edge labels, whereas for the third scenario this presents for similarities between 0.6 and
0.7. In both cases, we can observe that trees which had higher Jaccard indices provided fewer solutions. This is due to our
approach of partitioning and mapping nodes on equal levels in the trees.

Generally, if there is a lower similarity of the sets of edge labels, or even no common edge labels, then there will be
a lower number (or even none) partitions and vertices to map. Thus, the method omits those mappings between vertices
that do not represent an isomorphism. These are the cases in which the method almost instantaneously computes subtree
isomorphisms. On the other hand, higher similarity of edge labels in the trees may lead to a large number of hypotheses, as
there may exist a lot more partitions and nodes to potentially map. However, this does not necessarily increase the number
of solutions. In order to obtain isomorphic mappings we need to map nodes which are endpoints of edges that have same
edge labels (condition 2 of Definition 8). Moreover, the mapped nodes should preserve the depth at which they are in their
respective trees and the orientation of the edges, otherwise the structures of the rooted trees would not be preserved. Hence,
even if there is a high number of common edge labels in trees, some depths may not contain common labels and the nodes
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Figure 8. Simulation Results: Jaccard Indices of Sets of Edge Labels of Trees vs (Actual) Number of Hypotheses (#H) for Scenarios
1,2, and 3.

there cannot be mapped. In these cases, the number of solutions would remain unchanged. To this end, there exist cases in
which trees with higher Jaccard indices may have fewer solutions (Figure 8). In addition, for the cases in which multiple
abduction problems have trees with same Jaccard indices, but different number of solutions, Figure 8 presents as shaded
areas the 95% confidence intervals of the mean values of the number of solutions. We can see that cases in which there are
higher similarities of the sets of edge labels show deviation in the number of solutions, which is a direct consequence of
the approach of partitioning and mapping distinct nodes at equal levels in the trees.

To add to the explanation for the similarity of edge labels, the last correlation that was observed is shown in Figure 9,
which shows the ratios of branching factors and the number of solutions for abduction problems for the three scenarios.
For better presentability, the outliers above three standard deviations have been omitted. The ratio is calculated as the
average branching factor of the first tree divided by the average branching factor of the second tree. A lower ratio of the
branching factors between trees could potentially induce a higher difference of the sizes of equivalence classes. Thus, this
will yield more combinations of isomorphic mappings, and, consequently, more solutions to abduction problems. This
occurred mostly around a value for the ratio of the average branching factors of = 1. This happens mostly at around 1,
because the number of injective mappings is defined as ﬁ]{\n)’ Larger (or smaller) differences between the cardinalities
of equivalence classes lowers the number of combinations of mappings, as opposed to when they have similar sizes. The
average branching factor is highly determined on the sizes of the equivalence classes, because they represent partitions of
the children of nodes. Hence, more similar average branching factors can lead to a higher number of hypotheses.

The average branching factor represents the average number of children at each node. If the average branching factor of
a tree is high, then there are more nodes to partition into equivalence classes. However, this does not necessarily indicate
larger equivalence classes and more solutions. If there is a high average branching factor of a tree and only a very few
unique edge labels (roles) that partition those nodes, then there will be fewer equivalence classes that will contain a high
number of nodes. Thus, if two trees have high branching factors and a ratio of their average branching factors ~ 1, and
there are very few roles introduced in the edge labels in both trees, then the sizes of the equivalence classes in I(v, w) (Eq.



30 Semantic Web 16(6)

Ratios of Branching Factors of Trees vs. #H
Scenario 1
.
1500 A
T 1000 A
i ° .
500
.
. - o & - ° . o .g .
04 ) o TO T @ié® odieree 8100 Bieets @0 ® 000%ce ® o 005 o ® o e o0 o om ® e @ °
0 1 2 3 4
BF1/BF2
Scenario 2
8000
6000 -
I 4
Y 4000
2000 A
0
0 1 2 3 4
BF1/BF2
Scenario 3
10000 4 °
8000 A
.
o 60001 .
*
4000 .
2000 A
. ‘e .g . ® .
S0 .0 _ 2o  Ta_ .0 o _ . o - 'y - o - - o -
0 1 U (G sioD®) 18 19400 2B 100 .9 o oome @e
0.0 0.5 1.0 15 2.0 25 3.0 35
BF1/BF2

Figure 9. Simulation Results: Ratios of Branching Factors of Trees vs (Actual) Number of Hypotheses (#H) for Scenarios 1), 2),
and 3).

[x]1!
AI=1ID!
for two trees T, and 7,, if a node v € T} has 10 children and a node w € T, has 10 children, and all children of v and

win T, and T, are tails of edges with the same label, then there will be one equivalence class in T with |[x]| = 10 and
one equivalence class in 7, with |[y]| = 10. Hence, the number of mappings between the equivalence classes will be 10!.
Thus, a limitation of our method is that it may not be able to practically compute all hypotheses in specific cases where
the trees of matching concepts have a ratio of average branching factors = 1 and high value for the Jaccard index. In these
cases a timeout should be introduced.

20) will increase drastically. Specifically, the number of mappings between equivalence classes is . For example,

6.3 Experiments on Real-World Ontology Datasets

In addition to performing an experimental evaluation on randomly generated concept descriptions (synthetic experiments),
to stress the computational capabilities of the method, we performed an experimental evaluation on realistic ontologies
from the bio-medical domain (2017 snapshot of BioPortal Matentzoglu & Parsia, 2017) and the LUBM ontology (Guo
et al., 2005). Each ontology in the corpus is restricted to its £L£ / £L, fragment of the TBox, such that axioms containing
constructs other than those supported by £L£ / £L | ontologies were removed. No additional transformations or restrictions
were made to the ontologies, that is, the remaining axioms were left in their original form.

Table 2 shows the results from the second type of experiments performed on real ontology datasets. We report on the
number of abduction problems that were generated (#AP) of the form (7", match(C, D)), that is, two random concepts
were picked from the ontology and matched (but with the disadvantage that the picked concept may not necessarily be
related in the background knowledge), percentage of time the method terminated (Complete - C), successfully found non-
empty solutions when the method terminated (Success - S), and whether the solution was trivial (Trivial Solution - TS).
We measured the mean, median, and maximal values for the number of solutions (#H) that were generated, the size of
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Table 2. Results From the Experiments on Real Ontology Datasets, Where Arbitrary Concepts are Picked to be Matched.

Mean | median | max

#AP  C|S|TS[%] #H M| #C #R t[s]
BP 3086  99.42(99.42|90.16  2.29]2.0]380.0 10810562 427|40]820 062]00]3820 0.0]0.0]0.067
LUBM 250 9840|9840 |100.00  1.95|2.0]2.0 10]1.0]1.0 384|40(40  006]00]1.0 0.00.00013

the solutions (|H]), the number of concepts that were included in solutions (#C), the number of role restrictions that were
included in solutions (#R), and the time needed to compute the solutions (¢[s]).

Out of the 438 ontologies in the BioPortal dataset, 316 were successfully loaded and reasoned with. After restricting
each ontology to its £L / L, fragment, we attempted for each loaded ontology to create 10 abduction problems by
matching two random concepts from the background knowledge. This would give in total 3160 problems to solve, but
the attempt failed 74 times out of the entire dataset (3160). The reasons for the failed attempt were loading null objects
because the loaded ontology did not contain any concepts or failed to load the signature of the ontology. We then took
direct definitions of the matching concepts that already exist in the background knowledge and constructed a conjunction,
thus formulating the final descriptions in the abduction problem. The same was done for the LUBM ontology. Since the
size of the LUBM ontology is small (contains 43 concepts and 32 roles), we created 250 abduction problems for it. We
then ran our method for the constructed abduction problems. For both datasets we can see that the method successfully
completes and finds solutions for the generated abduction problems.

When the trees do not contain any common labels on the first level, the trivial solution is the only one that can be
obtained and the method stops the search, hence the almost instantaneous computation. Most cases in the experiments
consisted only of the trivial solution. The reasons for this are: (i) the method computes only direct connections between
matching concept definitions and does not search for intermediate concepts within the ontologies that can be connected,
that is, when concepts in the ontology can also be used to connect the matching concepts then the outcome of the abductive
solutions may change, and (ii) although there were ontologies in the dataset containing thousands of axioms, the knowledge
is well represented and definitions contain very few concepts and roles.

For the cases in which the only solution was not the trivial one, the method showed to be practical and successfully and
quickly generated abductive solutions. We single out these cases in Table 3.

There were 302 cases in which non-trivial solutions were successfully computed for the BioPortal data. Since the
LUBM ontology contains very few axioms and concept definitions, no cases were generated in which non-trivial solutions
existed. We can see that the cases in which the trivial solution was computed, did not impact the runtime, because the
method can very quickly check whether there exist common labels of edges from the roots to the children in the respective
trees.

The third type of experiments were conducted on the same ontologies, but with concept definitions that were already
matched in them, that is, those were in a known semantic match. We present these results in Table 4.

These experiments were formulated on the classical use-case of semantic matching,to observe how well the method
computes abductive solutions in cases where concepts should, in fact, be in positive semantic matches. We managed to
generate 1780 abductive abduction problems for the BioPortal ontologies, and 91 abduction problems for the LUBM

Table 3. Results From the Experiments on Real Ontology Datasets Where Only Non-Trivial Solutions Were Obtained.

Mean | median | max

#AP  C|S|TS[%]  #M M| #C #R t[s]
BioPortal 302 100]100]0  5.08]3.0|380.0 179]15|562  9.15|70[820  426[20]3820  0.0]0.0]0.067
LUBM 0 —|-|- -1-1- -1-1- -1-1- -1-1- -1-1-

Table 4. Results From the Experiments on Real Ontology Datasets Where the Concepts Were Known to be Matched.

mean | median | max

#AP  C|S|TS[%] #H M| #C #R t[s]

BioPortal 1780  99.94]99.94]| 9955  1.89]2.0 4.0 10]10[15 366|40[80 0.13]00]40  0.0]0.0]0.085
LUBM 91 100 100 | 100 17112020 1011010  34]40]40 003/00]10  00]0.0]00I2
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ontology. The Pellet reasoner was used to check whether the picked concepts were matched. It can be seen that as in
the previous experiments, the method has nearly an identical performance and obtains similar results. Similar as with the
second type of experiments, this cases also consists of a high percentage of trivial solutions and the reasons for that are
same as the aforementioned ones, that is, the method does not search fo intermediate concepts to construct hypotheses that
contain more connected concepts, and very few concepts are represented by complex definitions.

We compare our method, where possible, to similar existing ones, that is, the methods in Haifani et al. (2022) and Du
et al. (2017), and present in Table 5 the comparison. We associated all methods whether they completed and successfully
generated non-empty solutions, as well as the number of abductive solutions that were generated, their cardinalities, the
number of concepts and roles included in abductive solutions and the runtime. To create a more eligible comparison, it
was performed on comparing the methods when obtaining abductive solutions for non-entailments that contain arbitrary
concepts, as this type of experiment was common for all methods. In addition, the comparison with (Haifani et al., 2022)
was done on the BioPortal data and with (Du et al., 2017) on the LUBM ontology, because they were the common datasets.

In comparison to the similar method in Haifani et al. (2022), for the BioPortal data, our method has a slightly better
runtime performance. On average, it computes abductive solutions faster. However, the method in Haifani et al. (2022)
focuses on obtaining abductive solutions for intermediate concepts within a background knowledge, whereas our method
focuses on finding abductive solutions that consist of direct relations between matching concept definitions. As a conse-
quence, the method in Haifani et al. (2022) obtains hypotheses slightly slower, but with smaller sizes, since it can find
intermediate connecting concepts in the background knowledge and use them in abductive solutions. On the other hand,
our method provides more concise abducted expressions in the hypotheses that contain fewer concepts and it also includes
role restrictions in abductive solutions, which provides higher possibility of our method to successfully complete.

Compared to Du et al. (2017), we only managed to obtain the LUBM dataset. For this dataset, our method provided
abductive solutions more quickly. Nonetheless, the runtime in Du et al. (2017) is heavily dependent on computing patterns
to use and obtain abductions, but this provides the possibility to generate more solutions. A variety of patterns could in
some cases present more explanations that would adhere to the users’ preferences. Because we were able to obtain only
information regarding the runtime and total number of solutions that were obtained, the comparison with (Du et al., 2017)
was done on these performance characteristics only.

The explanatory power of our method can be viewed from two perspectives: (i) finding minimal connections between
concepts to explain non-entailments, and (ii) computing solutions that contain as concise as possible abductive solutions,
that is, hypotheses that do not contain arbitrarily complex expressions.

Regarding (i), the explanatory power of our method adheres to the one in Haifani et al. (2022). Even though both
methods differ when computing abductive solutions, they are based on the same idea of searching for concept relations
using morphisms, which renders them powerful in finding minimal connections between concepts. The difference is for
which concepts the methods search abductive solutions. By allowing existing concepts that are already connected in the
background knowledge, as in Haifani et al. (2022), the outcome of the abduction can be changed. In this case, hypotheses
can potentially contain less complex connecting concepts. Complementary to the approach in Haifani et al. (2022), our
method can perform abduction of role restrictions, which finds hypotheses that otherwise would have been omitted. Hence,
the explanatory power of our method is similar to the one in Haifani et al. (2022), because instead of allowing in abductive
solutions existing concepts that are already connected in the background knowledge, our method accommodates this
by allowing role restrictions in hypotheses. However, our method can be easily extended to use existing knowledge in
abductive solutions. For example, a heuristic-based search can be performed to obtain a list of potentially connecting
concepts within the background knowledge and our method can be used to extend that list and find the missing knowledge
that would ultimately connect the matching concepts. Similarly, semantic similarity techniques can be used to acquire
recommendations w.r.t. matching concepts, which will consist of semantically similar concepts within the background
knowledge, that our method would take as inputs and connect. Essentially, our method could be used to relate disconnected
components in the background knowledge. Therefore, to improve our method, as part of our future work, is integrating
it with a technique to search for potentially connecting concepts within the background knowledge, compute abductive
solutions between those concepts, and perform a more thorough comparison.

If we view the explanatory power as in (ii), our method manages to construct relations using only the essential concepts
and roles, without the need to perform abduction of unnecessarily complex expressions. This is as a result of our method
filtering hypotheses w.r.t. the minimality criteria in Definition 14. Compared to the other methods, our method obtains
hypotheses containing fewer concepts. However, a more accurate examination of this case is needed. Therefore, as part
of our future work we intend on conducting user surveys, in order to better evaluate and improve the interpretability and
comprehensibility of the hypotheses that our method obtains.
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7 Discussion

Although our method is focused on explaining non-entailments of semantic matching, our main contribution is the exten-
sion of the state of the art method for abduction in ontologies, by generalizing abduction to axioms consisting of role
restrictions too, and not only of atomic concepts.

The utilization of homomorphisms between description trees to solve abduction problems in £L£, that provide mini-
mal connections between concepts was initially presented in Haifani et al. (2022). The abduction consists of axioms that
carry atomic concepts only. Even though our method finds direct relations between concepts in semantic matching, instead
of finding connecting concepts in some background knowledge, the abduction of role restrictions that we introduce can
enhance the method in Haifani et al. (2022) by finding connecting concepts that would otherwise be excluded if the abduc-
tive process is restricted to concepts only. We achieved this by inducing specific subtrees termed p-subtrees, which retain
the original root and help identify non-isomorphic parts of description trees. The final solution contained the isomorphic
parts, which enabled abduction of concepts, whereas the non-isomorphic parts of trees were used to update existing labels,
which enabled abduction of role restrictions. The experiments on realistic ontology datasets also showed that the method
can successfully abduct concepts and role restrictions. Thus, state-of-the-art methods that use similar approaches could
benefit by introducing abduction of role restrictions, instead of constraining the set of abducibles to concepts only. In
addition to our method preserving the structure of concept definitions it does not unnecessarily omit parts relevant to the
abduction.

The problem of abduction of concepts as well as role restrictions is tackled in Du et al. (2017). This is done by
constraining the abductive process by a set of predefined patterns that can be abducted. Apart from specializing our
method for semantic matching, we do not constrain the form of expressions included in the abducted axioms; instead, our
method is constrained only by the signature of the background knowledge. This will assure not to overlook certain patterns
of nested expressions. Although we compute abductive solutions in a more timely manner and generate fewer and more
concise solutions, the generation of patterns based on justifications that are used for formulating abductive solutions offer
a large variety of formats of abductive solutions that can be used as explanations and for ontology debugging.

In Colucci et al. (2004), Di Noia et al. (2004), Di Noia et al. (2007) abduction methods for semantic matching in
more expressive DLs are presented. In comparison, instead of reducing matching concept descriptions or introducing new
concepts to reach a positive semantic match, our method searches for direct relations between concepts and role restrictions
in matching concepts, thus preserving the original definitions of matching concepts.

Subtree isomorphisms have also been previously used with ontologies. In Kindermann et al. (2024), subtree isomor-
phisms have been used to determine term equivalence to rewrite finite formal languages. The approach can significantly
reduce the size of ontologies by capturing repeated expressions. Similarly, we use node and edge labeled trees, but we
capture semantic relations through subtree isomorphisms instead, rather than terms. In addition, they propose equivalence
classes of macros, that capture ontology terms that are equivalent, whereas we partition nodes of description trees into
equivalence classes that can capture semantic relations. Furthermore, our subtree isomorphism definition is a variant of
their definition, in which they search for subtrees in one tree that are contained in another entire tree. Our methodology
focuses on preserving the semantic structure of concept definitions and thus introduces a condition that the roots of the
trees of the original concept definitions must be mapped.

In Hakeem et al. (2004) subtree isomorphisms are used to match video patterns represented by ontologies. The
approach uses a naive search to obtain maximal subtree isomorphisms, whereas we employ (i) trees that are addition-
ally edge-labeled, and (ii) a top-down approach using the edge labels to partition nodes and accumulate mappings that are
isomorphic. Still, if we have description trees that contain only a unique edge label, then our method is generalized and can
be said that solves the problem of computing subtree isomorphisms on unlabeled rooted trees. This can drastically increase
the number of solutions in our case. A solution to this, which we currently work on, would be to introduce heuristics based
on the complete paths in trees that would compute approximative solutions, but would decrease the method’s runtime.

On the more general note, the authors in Shamir and Tsur (1999) offer a method for finding the largest possible subtree
of a tree that is isomorphic to some other tree. There are several differences between the method in Shamir and Tsur (1999)
and our method. First, the problem in Shamir and Tsur (1999) is defined as a decision problem, that is, the algorithm
answers the question whether there exists a subtree of one tree that is isomorphic to another given tree. It can also be
transformed to a search problem to find a solution that satisfies this condition. However, our problem is defined as finding
subtrees of both trees that are isomorphic, as opposed to finding if a subtree of one tree is isomorphic to an entire other tree.
In addition, we look to compute all solutions, rather than decide whether there is a subtree isomorphism or find a solution
that satisfies that condition. We compute all solutions in order to find all potential explanations for a non-entailment.
However, a limitation of this is that the problem can exhibit a very high complexity. Next, we present a top-down approach
that works with labeled directed rooted tree, whereas the method in Shamir and Tsur (1999) is bottom-up and focuses on
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unlabeled and not directed rooted trees. Finally, a bipartite graph is constructed from the children of nodes, for which the
matching number (or a maximal matching) is computed, which will ultimately lead to deciding whether the answer to the
problem is positive, or to find a solution that satisfies that condition. This is similar to our way of partitioning the nodes
w.r.t. edge labels in description trees in equivalence classes and finding the bijective mappings between those classes.
We opt to compute all bijections between equivalence classes, which could correspond to finding perfect matchings in
bipartite graphs. This can potentially be implemented to £L description trees and the search for isomorphic subtrees of
two description trees, which could enhance the search for abductive solutions and produce them faster.

On the other hand, (Abboud et al., 2018) offers a different approach for identifying subtree isomorphisms for unlabeled
binary and ternary trees. Given two trees, they reduce the problem of finding a subtree of one tree isomorphic to other tree
to the Orthogonal Vectors (OV) problem. The inputs to the OV problem are two lists of N vectors in {0, 1}” and the output
is positive if and only if there is a pair of vectors, one from each list, that are orthogonal (Abboud et al., 2018). This differs
significantly to the method in this article, in which we present a top-down approach to compute subtree isomorphisms
between two trees by partitioning the vertices w.r.t. edge labels.

7.1 Limitations

One limitation of our method is scalability with large concept definitions. The method computes abductive solutions by
partitioning the nodes in graphical representations of concepts, based on the roles that restrict (possibly nested) complex
expressions. It then matches concepts that are restricted by same roles in both concept definitions. If all role restrictions are
by the same role, that is, we have a high repetition of role/s restricting concepts, then the number of solutions can increase
by a factor of ﬁ where n represents the number of concepts restricted by a role in the first definition, and m represents
the number of concepts restricted by the same role in the second definition. This depends heavily on how the background
knowledge is built and how the matching concepts are defined. Therefore, a rich terminological knowledge that accustoms
a variety of concepts and roles to introduce in definitions, would help improve the scalability of our method.

In Haifani et al. (2022), the abduction method via homomorphisms adheres to a connection-minimal criteria, which
essentially connects two concept C and D via intermediate concepts. Thus, the search for homomorphisms is on (poten-
tially connecting) concepts within the TBox, that connect two concepts in a non-entailment, that is, 7 ¥ C C D, find C’
and D', such that T £ C C C',7 k£ D' C D, and the homomorphism is searched between the description trees of C’ and
D’. This approach provides the minimal connections between C and D. For the case of semantic matching in this article,
which is essentially brought down to subsumption axioms, we are looking for a direct connection between concepts C
and D that have certain definitions w.r.t. the signature of the background knowledge. To this end, subtree isomorphisms
are computed between the description trees of the matching concepts C and D, and not between the description trees of
potentially connecting concepts C’ and D’. The characteristic of the concept matching in this article is having a direct
connection between concepts, which we opt to find subtree isomorphisms that characterize those direct connections and
not find intermediate concepts (and search subtree isomorphisms between those intermediate concepts) to connect two
concepts in a non-entailed semantic match.

Although our method is specialized to find subtree isomorphisms and semantic layers explicitly between input concept
definitions and it does not consider within the background knowledge alternative definitions that a matching concept
may have, an extension can easily be integrated with our method. Currently, it only uses the background knowledge
to verify that a solution to an abduction problem does not produce unsatisfiable concepts. However, an extension can
be easily made to this. An initial solution would be to find all possible definitions for matching concepts w.r.t. some
background knowledge and to perform abduction between all pairs of those definitions. Another possibility, as seen in our
experimental setup, is to combine all definitions of a concept in a match into one single one. In addition, the search for
alternative definitions of concepts can be enhanced by the existing semantics of the background knowledge. This would
also render our method useful in other scenarios, for example, more complex systems based on semantic matching and
even ontology debugging and repair, and ontology completion. To this end, our ongoing work consists of two main things:
(a) formulating a heuristics based on the complete paths in description trees to assist our method in finding maximal
subtree isomorphisms and abductive solutions w.r.t. our minimality criteria, and (b) integrating our method with a search
technique to find potentially related concepts within the background knowledge, for which we can find hypotheses and
ultimately connect matching concepts.

8 Conclusion

We presented a method for explaining non-entailments of semantic matching in ££ ontologies, by computing subtree
isomorphisms between graphical representations of concept descriptions, that is, description trees. To compute isomorphic
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mappings, we started by partitioning the sets of neighboring nodes based on edge labels. The partitioned nodes from the
respective trees were then mapped w.r.t. the labels. We formalized our approach and tested our method. The results showed
that the method provides correct solutions within a reasonable time frame. We also discussed how our method could be
used to enhance related methods, to achieve better results.

There are several ways to improve our method. First, the complexity of our method rises with the size of concept
descriptions, therefore the size of description trees. Moreover, a combinatorial explosion occurs when there is higher
repetition of roles in concept descriptions. A more thorough complexity analysis needs to be carried out. To this end, part
of our future work consists of identifying the frequency of common edge labels at each level in the trees and analyzing
how the repetition of edge labels at equal levels in the trees influences the overall number of solutions. To improve the
scalability of our method and the search for isomorphic mappings, we want to introduce heuristics based on the level
of information concepts and roles carry in concept descriptions w.r.t. the background knowledge. This would return the
hypotheses that carry the most information and exclude those that are similar or carry less information. In addition, we are
researching the possibility of computing isomorphisms from paths in description trees, since paths from the root to a leaf
node in rooted trees are unique, and preserved up to isomorphism, they could limit the search space even further. Finally,
we want to look into the possibility of extending our method to more expressive description logics.
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Appendix A Functions

Here are additional functions used in the main implementation of our method.

A.l  equivClasses Function

Algorithm 2. equivClasses(x, N(x), T)

NG, < {)
for all y € N(x) do
Dl < {y}
for all z € N(x) do
if A:((x,y)) = A2({x,z)) then
[y].add(z)
end if
end for
N@x),. =N, UyD
end for
return N(x) J~

A.2  u Function

Algorithm 3. u(v,w, NV/N,NW/N, Te. Tp)

MVW’ < {}
for all [x] € N(®v),. do
for all [y] € N(w),. do
if ¢ ((v,x)) = A¢, ((w,y)) then
Mvw = Mvw V) (([)C], U]))
end if
end for
end for
return y,,
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A.3  constructHypotheses Function

Algorithm 4. constructHypotheses(®,C3, T, Tp)

H < {}
for all p € © do
forallxe Vo Ax & ¢ do
AVC(V) « H/lvc(v) M |_| Elflgc((V’x))CTC(v)
(v.xye€e
end for
forallye Vy Ay & ¢ do
Ay, W) < My, om0 [T 34, (w,3)-Cr
(wy)eép
end for
h < {}
for all (v,w) € ¢ do
h.add(ﬂﬂv(‘(v)gﬂ/lvu(w))
end for
H.add(h)

end for
return H
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